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Abstract. A Heegaard splitting of an open 3-manifold is the partition of the 
manifold into two non-compact handlebodies which intersect on their com- 
mon boundary. This paper proves several non-compact analogues of theorems 
about compact Heegaard splittings. The main theorem is: if N is a com- 
pact, connected, orientable 3-manifold with non-empty boundary, with no 
components, and if M is obtained from N by removing the boundary then 
any two Heegaard splittings of M are properly ambient isotopic. This is a 
non-compact analogue of the classifications of splittings of (closed surface) X I 
and (closed surface) X by Scharlcmann-Thompson and Schultcns. Work of 
Frohman-Meeks and a non-compact analogue of the Casson-Gordon theorem 
on weakly reducible Heegaard splittings are key tools. 



1. Introduction 

Non-compact S-manifolds vary widely in the degree to which they are similar 
to compact 3-manifolds. The most tractable are the deleted boundary 3-manifolds 
which are obtained by removing boundary components from compact 3-manifolds. 
At the other end of the spectrum are those which are not the connect sums of prime 
3-manifolds. Heegaard splittings play an important role in compact 3-manifolds, 
so it is interesting to ask about the ways in which this structure can be extended 
to non-compact manifolds. This paper studies Heegaard splittings of an impor- 
tant class of 3-manifolds: eventually end-irreducible 3-manifolds. One of the main 
results is that eventually end-irreducible 3-manifolds have exhausting sequences 
which interact nicely with a given Heegaard splitting. This result is applied to 
classify Heegaard splittings of "most" deleted boundary 3-manifolds. The only 
deleted boundary 3-manifolds which have splittings that cannot be classified are 
those which are obtained from a compact 3-manifold by removing finitely many 
closed 3-balls. 

The study of non-compact Heegaard splittings was initiated by Frohman and 
Meeks in |FrM| . They showed that any two infinite genus Heegaard surfaces in 
are properly ambient isotopic and used this result to give a topological classification 
of complete 1-ended minimal surfaces in R^. In this paper, Frohman and Meek's 
result is extended to non-compact 3-manifolds which are obtained by removing 
boundary components from a compact 3-manifold. The hope is that a better un- 
derstanding of the Heegaard splittings of these "household name" manifolds will 
aid in understanding how these manifolds compare to their more exotic cousins. As 
Heegaard splittings lift to covering spaces, there may also be some hope of using 
these results in the study of compact Heegaard splittings. We will eventually need 
to distinguish between two types of Heegaard splittings: relative and absolute, but 
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for the initial statement of our results, we make the following preliminary definitions 
here. 

Definition. Let H be the disjoint union of finitely or countably many 3-balls. A 
handlebody H is formed by attaching finitely or infinitely many f-handles x / 
to H so that a component of x dl is attached to the boundary of a 3-ball. We 
allow only finitely many 1-handles to be attached to each component of Ti. 

Handlebodics arc characterized by the existence of a properly embedded collec- 
tion of pairwise disjoint discs with boundary on dH which cut H into 3-balls. We 
will use the existence of these discs in many of the arguments in this paper. 

Definition. A Heegaard surface in a 3-manifold M with empty boundary is a 
properly embedded surface S C M such that the closure of the complement of S 
in M consists of two handlebodies U and V with S = dU = dV. We say that 
AI — U Us V is a. Heegaard splitting of M. 

Remark. If M has compact boundary, a Heegaard splitting will be a division of 
M into two compressionbodies. We defer the definition of "comprcssionbody" 
until after we have stated the main theorems of the paper. 

As in the theory of compact Heegaard splittings, stabilizations of Heegaard split- 
tings play an important role. The following arc the most basic definitions. More 
details will be given in Section ITTni and Sectional 

Definition. A Heegaard splitting M — UUsV is stabilized if there is an embedded 
3-ball B in M such that 5' n i? is a properly embedded unknotted once-punctured 
torus. The ball i? is a reducing ball for S. 

Definition. A non-compact Heegaard splitting M ^ U Us V is end-stabilized 

if for every compact set C C M and for every non-compact component W of the 
closure of the complement of C in M there is a reducing ball for S which is contained 
in W. 

1.1. Main Results. We may now give simplified versions of the main results of 
this paper. Throughout the paper we assume that M is a non-compact orientable 
3-manifold with no 5^ boundary components. The first result is an elementary 
extension of a theorem of Frohman and Meeks \FiM\ . It may be viewed as an 
analogue of the Reidemeister- Singer theorem for compact manifolds which says 
that, after some finite number of stabilizations, any two Heegaard splittings with 
the same partition of the boundary are ambient isotopic. The proof of this extension 
is contained in the Appendix. 

Theorem A. Any two end-stabilized Heegaard splittings of M which have the 
same partition of dM are properly ambient isotopic. 

A (compact) Heegaard splitting is called weakly reducible if there are disjoint 
compressing discs for the Heegaard surface which are contained in different com- 
pressionbodies. In |CGj . Casson and Gordon prove that if a closed 3-manifold has 
a Heegaard splitting which is weakly reducible but not reducible then the manifold 
contains an incompressible surface of positive genus. Since every non-compact Hee- 
gaard splitting (of non-zero genus) is weakly reducible, we cannot hope for a direct 
extension of the Casson and Gordon theorem to non-compact 3-manifolds. The 
following result can, however, be viewed as a partial extension to the non-compact 
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case. The proof is based on a proof of the Casson-Gordon theorem. Here is a 
simpHfied statement of the result. 

Definition. A non-compact 3-manifold M is end-irreducible (rel C) for C a 
compact subset if there is an exhausting sequence {K{\ of nested compact connected 
submanifolds whose union is M such that C C int(A'i) and the frontier of each Ki 
is incompressible in M — C. {Ki} is called a frontier-incompressible (rel C) 
exhausting sequence for M . 

Theorem B. Suppose that Al is end- irreducible (rel C) for some compact set C 
containing dM . Let AI = ?7 Ug F be a Heegaard splitting of M . Then there is a 
frontier-incompressible rel C exhausting sequence where each compact submanifold 
in the sequence "inherits" a Heegaard splitting from S. 

Remark. The notion of a compact submanifold "inheriting" a Heegaard splitting 
from the non-compact 3-manifold M will be made precise by using the idea of a 
"relative Heegaard splitting" . 

As an application of these two theorems we can classify Heegaard splittings of 
"most" deleted-boundary 3-manifolds. Here is an example: 

Theorem C. Let M be a compact, orientable 3-manifold with non-empty bound- 
ary, no component of which is a sphere. Let M be a 3-manifold obtained from M 
by removing one or more boundary components of M . Then any two Heegaard 
splittings of M which have the same partition of dM are equivalent up to proper 
ambient isotopy. In particular, every Heegaard splitting of M is of infinite genus 
and is end-stabilized. 

1.2. Acknowledgements. Martin Scharlcmann has provided many helpful com- 
ments and suggestions in the research leading to and on early drafts of this paper. 
I am especially grateful for his sustained patience and encouragement. Thanks also 
to Maggy Tomova, Ben Benoy, and Kelly Delp for our many conversations. This 
research was partially supported by an NSF grant. 

1.3. Outline. Section |21 contains several examples of non-compact Heegaard split- 
tings and proves that the inclusion of a Heegaard surface into a non-compact 3- 
manifold induces a homeomorphism of ends. 

Sections 13 and 01 provide preliminary work that is necessary for understanding 
the theorems which are the detailed versions of Theorems A, B, and C. Sectional 
defines and studies handle-slides of boundary-reducing discs in comprcssionbodies. 
Section 0] introduces a certain type of submanifold (due to Frohman-Meeks) which 
is "balanced" on a non-compact Heegaard surface. We discuss the type of Heegaard 
splittings (called "relative Heegaard splittings") which these submanifolds inherit 
from the splitting of the manifold. Both balanced submanifolds and relative Hee- 
gaard splittings are central in the work of Frohman and Meeks. 

Section |S1 proves a more detailed version of Theorem B. The proof is based on 
the outline of Casson and Gordon's theorem given in jScj . 

Theorem C is proved in Section El The key ideas are applications of Theorem 
A, Theorem B, and the classification of Heegaard splittings of (closed surface) x / 
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by Scharlemann and Thompson jScThlj . 

The Appendix proves Theorem A. This is a shght extension of Frohman and 
Mceks' |FrM[ Theorem 2.1] to manifolds with more than one end. We also correct 
a misstatement^ in the proof of that theorem. The correction is not difficult, but 
does require some work. 

1.4. History. Scharlemann, in his survey paper [Sc], gives an overview of the his- 
tory of Heegaard splittings of compact 3-manifolds. We rely on that paper for our 
historical treatment of compact Heegaard splittings. 

Very few types of compact 3-manifolds arc known to have unique Heegaard split- 
tings of a given genus and partition of the boundary. Waldhausen |Wa| proved that 
Heegaard splittings of a given genus of and of x are unique up to ambi- 
ent isotopy. Scharlemann and Thompson in |ScTh2j have provided another proof 
of the classification for S"^ . Bonahon and Otal )BonO| proved that lens spaces 
have unique splittings. The 3-torus and x I also have unique splittings of a 
given genus and boundary partition. This was proved by Boileau and Otal |BoiO| . 
Scharlemann and Thompson proved in |ScThlj that any two Heegaard splittings of 
(closed surface) x / with the same genus and partition of the boundary are isotopic. 
In particular, any Heegaard splitting of (closed surface) x J is stabilized if it is of 
genus more than twice the genus of the surface and both boundary components are 
contained in a single compressionbody. We will use their classification in Section 
|H1 Schultens in |Sch| classified splittings of (compact surface) x . She proved 
that any two splittings of (closed surface) x 5*^ of the same genus are isotopic. The 
uniqueness of splittings for (closed surface) x / and (closed surface) x provided 
the inspiration for Theorem C of this paper. 

As previously mentioned, Frohman and Meeks |FrMj in their work on Heegaard 
splittings of M.^ defined the notion of noncompact Heegaard splitting used in this 
paper. Pitts and Rubinstein |PRj have also considered Heegaard splittings of non- 
compact 3-manifolds. They, however, consider only deleted boundary 3-manifolds 
and compact Heegaard surfaces which split the manifold into two "hollow han- 
dlebodies". For Pitts and Rubinstein, a hollow handlebody is simply a compact 
compressionbody with d- removed. Frohman and Meeks also use the term "hol- 
low handlebody" , but they refer to what we call "relative compressionbodies" . The 
term "relative compressionbody" was introduced by Canary and McCullough jCMj . 
Other authors have picked this term up and it has become standard. This paper 
uses "relative compressionbody" ; this will, hopefully, avoid confusion with Pitts 
and Rubinstein's use of "hollow handlebody". Both Frohman-Mecks and Pitts- 
Rubinstein use Heegaard surfaces in non-compact 3-manifolds to study minimal 
surfaces from a topological point of view. The main appearances of non-compact 
Heegaard splittings and non-compact handlebodies have been in minimal surface 
theory, for example [lYl IPYMI IFl IMR ] . 



The error occurs in the last sentence of Prop. 2.2. After including the collars of Ji — Li and 
~ Ji you have arranged for Ki to have a relative Heegaard splitting, but Ki^i — Ki may not. 
For example, the frontier of Ki n Hi may not be incompressible in Hi r\c\(Ki-^-i ~ Ki). This error 
affects the proof of Proposition 2.3. 
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This paper focuses on "eventually end-irreducible" S-manifolds. These manifolds 
were first studied by Brown and Tucker )BrT| . They are an important class of 3- 
manifolds since some questions about arbitrary non-compact 3-manifolds can be 
reduced to questions about eventually end-irreducible 3-manifolds |BTh| . 

1.5. Definitions. 

Notation. If X is a subcomplex of a complex Y, then ii{X) denotes a closed regular 
neighborhood of X in Y. The term "submanifold" will be reserved for codimension 
submanifolds. If X is a submanifold of a manifold Y then cl{X) indicates the closure 
of X in y and int(X) indicates the interior of X in Y . The number of components 
of a complex X is denoted \X\. The spaces [0, 1] and [0, oo) are denoted by / and 
M_l- respectively. M" denotes n-dimensional Euclidean space and S*" denotes the 
sphere of dimension n. The closed unit disc in is denoted by D^. The integers 
and natural numbers are indicated by Z and N respectively. All homology groups 
use Z coefficients. 

3-Manifold Topology. We work in the PL category and use, with a few exceptions, 
standard terminology from 3-mamfold theory (see |Hel IJap . All 3-manifolds and 
surfaces are assumed to be orientable. A map p : X ^ Y between complexes is 
proper if the preimage of each compact set is compact. If X is a surface and Y 
is 3-manifold, p is a proper embedding if, in addition to being proper and an 
embedding, p^^{dY) = dX. To say that a graph is properly embedded in a 3- 
manifold means that the inclusion map is proper and an embedding. The vagaries 
of language being what they are, the terminology for surfaces and graphs in 3- 
manifolds is different, but this should not cause confusion in practice. A homotopy 
p : X X I Y is proper if it is proper as a map. If X is a surface and F is a 
3-manifold we also require that p~^{dY) = d{X x /). The homotopy p is ambient, 
\i X gY and there is an extension of p to a proper homotopy p : F x / — > y. An 
isotopy p : X X I ~* Y \s a, homotopy where for each t G I, p{-,t) : X Y is an 
embedding. An ambient isotopy p : Y x I Y is required to be a homeomorphism 
at each time t £ I. To say that a homotopy p is fixed on a set C means that p 
restricted to C x {t} is the identity map for all tel. 

A loop on a surface is essential if it is not null-homotopic. If the loop is em- 
bedded, this is equivalent to saying that it does not bound a disc on the surface. 
An embedded 2-sphere in a 3-manifold is essential if it does not bound a 3-ball. A 
compressing disc for a surface F in a 3-manifold is an embedded disc D for which 
DDF — dD and dD is an essential loop on F. A surface F properly embedded 
in M is incompressible if there are no compressing discs for F in M. By the 
loop theorem and Dehn's lemma this is equivalent (since, for us, all surfaces and 
manifolds are orientable) to the inclusion map of F into M inducing an injection 
of fundamental groups. Note that our definition considers an inessential 2-sphere 
to be an incompressible surface. This is slightly non-standard, but it makes the 
statements and proofs of some of the results easier. We will emphasize places where 
this observation matters. 

If 5 C M is a surface embedded in a 3-manifold and if A is the union of pair- 
wise disjoint compressing discs for S then (j{S] A) will denote the surface obtained 
from F by compressing along A. If i? C S* is a properly embedded subsurface 
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(i.e. cl(i?) = R) with each component of dR either contained in or disjoint from 
dA then a{R; A) will denote the sm'face obtained from R by compressing along 
those discs of A with boundary in R. If S" C dM then the manifold obtained by 
boundary-reducing AI along A is denoted <j{M; A). As it will always be clear when 
we have a surface and when we have a 3-manifold this should not cause confusion. 

A manifold (2 or 3 dimensional) is open if it is non-compact and without bound- 
ary. It is closed if it is compact and without boundary. A 3-manifold is irreducible 
if every embedded 2-sphere bounds an embedded 3-ball. As much as possible, we 
do not assume irreducibility. A submanifold of a 3-manifold is a product region 
if it is homeomorphic to F x I where is a surface. A fiber of F x / is {x} x / 
where x & F. A set X C x / is vertical if it is the union of fibers. 

Heegaard Splittings. For background on Heegaard splittings of compact 3-manifolds 
the reader is referred to the survey article )Sc| . Since we are interested in splittings 
of non-compact 3-manifolds. some of our definitions differ from conventions in the 
compact setting. Let F be either a compact, orientable surface (possibly discon- 
nected) or the empty set. A compressionbody H is formed by taking the disjoint 
union of F x I and countably (finitely or infinitely) many disjoint 3-balls and then 
attaching 1-handles. 1-handles are attached to F x I on the interior of x {1} and 
to the boundaries of the 3-balls. Only finitely many 1-handles are to be attached to 
each 3-ball and only finitely many may be attached to F x {!}. We usually require 
that the result be connected. The surface F x {0} is denoted d-H and the surface 
c\{dH — d-H) is denoted d+H and is called the preferred surface of H. If F is 
a closed surface then H is an absolute compressionbody; if F has non-empty 
boundary then _ff is a relative compressionbody. It H = F x I then H is a 
trivial compressionbody. If F is empty, then _ff is a handlebody. We will 
generally require that F contain no components, as then H is irreducible. At 
one point, in section |31 we will need to allow components. This will be explic- 
itly pointed out. A subcompressionbody A of is a submanifold of H whose 
frontier in H consists of properly embedded discs. (We do not require these discs 
to be essential. Thus, for example, upper half space, which is a handlebody, has 
an exhausting sequence consisting of subcompressionbodies.) We denote dAnd+H 
by dg_^_H-A. There is a proper strong deformation retraction of a compressionbody 
H onto d-H UT, where S is a properly embedded graph in H attached at valence 
one vertices to d-H. E U d-H is called the spine of the compressionbody. 

A compressionbody H is determined by a properly embedded collection of dis- 
joint discs A with dA C d+H such that a-{H; A) consists of 3-balls and d-H x I. 
Such a collection of discs is called a defining set of discs. A defining set of discs 
may contain discs which are not compressing discs. An example is the handlebody 
which is a closed regular neighborhood of the positive z-axis in K'^. Since its bound- 
ary is homeomorphic to there are no compressing discs, but there is clearly a 
defining set of discs. A properly embedded collection of disjoint discs in H with 
boundary on d+H will be called a disc set for H or for d+H. A disc set 5 is 
collaring if the union of some components of (t{H; 5) is d-H x I. 

A Heegaard splitting of a 3-manifold AI is a decomposition of AI into two 
compressionbodies U and V glued along d+U ~ d+V — S. It U and V are absolute 
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compressionbodies the splitting is an absolute Heegaard splitting. If U and 
V are relative compressionbodies the splitting is a relative Heegaard splitting. 
The surface S is called the Heegaard surface. We write M = UUs V. If the term 
"Heegaard splitting" is used without either the adjective "absolute" or "relative" . 
we will mean "absolute Heegaard splitting" . Usually, relative Heegaard splittings 
will be of compact submanifolds of a non-compact 3-manifold. 

A Heegaard splitting of a manifold M = U Us V is reducible if there is an 
essential simple closed curve on S which bounds embedded discs in U and V. To 
stabilize a Heegaard surface, push the interior of an embedded arc on the surface 
into one of the compressionbodies and include a regular neighborhood of the arc 
into the other compressionbody. A Heegaard splitting has been stabilized if there 
is, in M, an embedded 3-ball which intersects the Heegaard surface in a properly 
embedded; unknotted, once-punctured torus. Such a ball is called a reducing ball. 
If a splitting other than the genus 1 splitting of is stabilized, it is reducible. A 
Heegaard splitting is v^reakly reducible (see |(Xt| ') if there are disjoint compressing 
discs for the Heegaard surface, one in each compressionbody, which have boundaries 
that are essential on the Heegaard surface. Any Heegaard splitting, other than the 
genus splitting of R^, of a non-compact 3-manifold must have a properly embedded 
infinite collection of discs in each compressionbody which have boundaries which 
are essential on the Heegaard surface. Thus, apart from the genus splitting of K'^, 
every non-compact Heegaard splitting is weakly reducible. A Heegaard splitting 
M ^ U Us V is end-stabilized if for every compact set C C M and every non- 
compact component W of cl(A/--C) there is a reducing ball for S entirely contained 
in W. 

Non- Compact 3- Manifolds. An exhausting sequence for a non-compact 3-manifold 
M is a sequence {A'^} of compact, connected 3-submanifolds such that Ki C 
int(Ari+i) and M = UiKi. A 3-manifold M is end-irreducible (rel C) for a 
compact subset C if there is an exhausting sequence for M such that the fron- 
tier of each element of the exhausting sequence is incompressible in M — C. If C 
can be taken to be the empty set, then M is simply end-irreducible. If M is 
end-irreducible (rel C) for some C then M is eventually end-irreducible. If a 
non-compact 3-manifold is obtained by removing at least one boundary component 
from a compact 3-manifold then the non-compact 3-manifold is a deleted bound- 
ary 3-manifold. Deleted boundary 3-manifolds are eventually end-irreducible. 
All 3-manifolds (excluding compressionbodies) considered in this paper will have 
compact boundary. When the manifold is end-irreducible (rel C) we will assume 
that C contains dM. 

2. Examples 

Some examples of non-compact Heegaard splittings are in order. When thinking 
about non-compact Heegaard splittings, keep in mind that an absolute handlebody 
is the closed regular neighborhood of a properly embedded, locally finite graph in 
M'^ . Frohman and Meeks jFrMj give an example of a non-compact 3-manifold whose 
interior is an open handlebody but the closure of the interior is not a handlebody. 
Handlebodies have properly embedded discs which cut them into 3-balls. Another 
observation, which may help the reader's intuition, is that no essential loop in an 
absolute compressionbody can be homotoped out of every compact set. This is 
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easily proved using the proper deformation retraction of the compressionbody to 
its spine. This imphes, for example, that (compact surface) xM is not a handlebody. 

As mentioned in the opening paragraphs of the paper, Heegaard splittings of open 
manifolds can be obtained from triangulations or by lifting Heegaard splittings from 
manifolds which are covered by the manifold in question. 

2.1. Heegaard Splittings of M'^. Heegaard splittings of R"^ are easy to construct. 
Since the upper and lower half spaces are homeomorphic to closed regular neigh- 
borhoods of the positive z-axis, R'^ has a genus zero Heegaard splitting. Obviously, 
this splitting can be stabilized any given (finite) number of times. By choosing an 
infinite, properly embedded collection of arcs in the surface, it can also be stabi- 
lized an infinite number of times simultaneously to give an infinite genus Heegaard 
surface. Frohman and Meeks prove that this is, up to proper ambient isotopy, the 
only infinite genus Heegaard splitting of R^^ . 

2.2. Finite Genus Heegaard Splittings. Let M be a compact 3-manifold with 
Heegaard splitting U U-g V. Let B be an embedded closed 3-ball in AI which 
intersects 5 in a properly embedded disc. Let X = X — BiorX = M,U,S,V. Then 
M = UUsVisa. finite genus Heegaard splitting of the deleted boundary manifold 
M. (Infinitely many discs parallel to dBOU (dBDV) are in any defining set of discs 
for U {V).) Classifying such Heegaard splittings would be equivalent to classifying 
all Heegaard splittings of compact manifolds. No such simple classification is to 
be hoped for, and so our classification of Heegaard splittings for deleted boundary 
3-manifolds does not address such examples. Fortunately, this is the only type not 
covered by our classification. 

2.3. Amalgamating Heegaard Splittings. An easy way to create Heegaard 
splittings of non-compact manifolds is to amalgamate splittings of compact subman- 
ifolds. We describe a way to do this, beginning with a description of amalgamation. 
See jSchj for the definition of amalgamation. Let Nq and A^i be two compact 3- 
manifolds with absolute Heegaard splittings A^o = Uq Usq Vq and A''i = Ui Us^ V\ 
and homeomorphic boundary components C 9_Vo and F-y C dJV\. Choose a 
homeomorphism h : Fi ^ Fq. We can form a Heegaard splitting of the amalga- 
mated manifold A^ = Aq A^i by amalgamation in the following way: 

In Vi there are collaring discs Si which cut off a product region Fi x I contained 
in Vi. Choose labels so that Fi ~ Fi x {0}. Let P denote the product region 
(Fi X /) U (Fo X /) in A^. Think of P as homeomorphic to Fi x [0, 2]. Note that it is 
contained in Vp U Vi. Perform an isotopy of A^i so that, in P, 6i x [0, 2] is disjoint 
from ^0- Let Ai be Si x [0, 2] in P. Let U = UoU{Vi- {Fi x I))U Ai, V = cl{N-U) 
and S ^ V CiU. Then M = U Us V is a Heegaard splitting with genus equal to 
genus(S'o) + genus(5'i) — genus(Fi). Note that there there are disjoint discs Si C U 
and So CV which, when we compress S along them, leave us with a surface parallel 
to Fo ^ Fi in A^. 

Here is a method of producing an infinite genus Heegaard splitting of a non- 
compact 3-manifold M . Let {Ki} be an exhausting sequence for M with the prop- 
erties that dM C A"i, that no component of cl(M — Ki) is compact for any i, and 
that for each i and for each component J of cl(Ari+i — Ki) the intersection J n Ki 
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is connected. For each i, let Li = cl(/\i+i — Ki) and Fi ~ LiD Ki. A'i+i is formed 
by amalgamating Ki and each component of Li along a single component of the 
surface Fi. 

We now carefully choose absolute Heegaard splittings of Ki and each component 
of Li for each i > 1. Choose a Heegaard splitting Ki = Ui Us^ Vi of Ki so that 
every boundary component of Ki is contained in Vi. Let S'l be a set of collaring 
discs for Vi. Now for each component of Li choose a Heegaard splitting so that 
Li ~ Xi Ut; Yi. Choose the splitting so that dLi C 1^. Since each component 
of Li has at least two boundary components neither Xi nor Yi has a component 
which is a stabilization of a trivial Heegaard splitting. Inductively, form a Heegaard 
splitting of Kn = Un Us„ Vn for n > 2 by amalgamating the Heegaard splittings of 
Kn-i and L„_i. Let Vn be the compressionbody which contains 6'^ and let C/„ be 
the other. 

Recall from the definition of amalgamation that if Fn C Un then Un+i H C/„ can 
be created by removing 1-handles in Un which join Fi to Si and are vertical in 
the product structure of C/„ compressed along a defining set of discs. Denote these 
1-handles by An- The surface Fn is contained in [/„ whenever n is even (by our 
choice of Heegaard splitting for L„). If n is odd then F„ is not in J7„, so for odd 
n, let An =0. If n is even then [/„ C Un+i- Define U'n = cl(J7„ — A„). Since 
for each n, i9L„ C 1^, U'n C C/^+i for all n. In particular, when we extend the 1- 
handles from y„ into Kn-i they do not not need to reach into L„_2- Let U = UnC/^. 

We desire to show that U is an absolute compressionbody. Since dM C V, U 
will be an absolute handlebody. To prove this we will produce a properly embedded 
collection of discs in U which cut U into compact handlebodies. Let 5„ be a col- 
laring set of discs contained in for C/„ for each even n. We may assume that 
Sn is disjoint from An and so Sn is a properly embedded finite collection of discs 
in U, for each even n. Furthermore, since Sn C Ln-i the infinite collection of discs 
S = USn is properly embedded in M. The discs 5n cut off a compact submanifold 
Un — {dKn+2 X I)- As [/ = U?7,'j every component of (j{U ; 5) is compact. Let H be 
a component of <j{U\ 5). Choose an even n large enough so that H C J7^_2- H is 
thus a component of cr(?7^; 5) which is not contained in dU'n x /. As such, it must 
be a handlebody as U[^ for n even is an absolute compressionbody. Hence [/ is a 
handlebody. 

Let V ~ c\{M — U). The argument to show that V is an absolute compression- 
body is similar, except that the disc set 5 will cut V into compact handlebodies 
and, if dM 7^ 0, a compact absolute compressionbody H with d-H = dM. Let- 
ting S ^ U nV , we have shown that UUsV is an absolute Heegaard splitting of A/. 

It is instructive to examine this construction in the case when M is a deleted 
boundary 3-manifold. Let Mq be a compact, orientable 3-manifold with non-empty 
boundary component diMo = F ^ S^. Let Mq = C/qUso Vq be a Heegaard splitting 
of Mq with F C Vq. Let Mi for i > 1 be homeomorphic to F x I and choose a 
Heegaard splitting Mi ~ UiUs^ Vi of Mi which is obtained by tubing together two 
copies of F in Mi. Such a Heegaard splitting has both boundary components, doMi 
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and diMi, contained in Vi and has genus which is twice the genus of F. (Heegaard 
splittings of F X / are classified by Scharlemann and Thompson in |ScThlj . This 
classification will be important for our work in Section Build a 3-manifold Af, 
homeomorphic to Mq — F by glueing doMi to diMi^i for i > 1. At stage n of 
the glueing process we can obtain a Heegaard splitting of the new manifold by 
amalgamating the splittings of the previously constructed manifold and M„. The 
new Heegaard splitting will have genus equal to genus(S'o) + n ■ gcnus(_F'). This 
produces an infinite genus splitting of M. It is easy to verify that the splitting is 
end-stabilized. The content of Proposition l^^Hl is that, up to proper ambient isotopy, 
this is the only Heegaard splitting of M. 

2.4. Infinite Genus Splittings whicii are not End-stabilized. A consequence 
of Theorem C is that all infinite genus splittings of one-ended deleted boundary 
3-manifolds are end-stabilized. It is then natural to ask: 

Question. Are there examples of one-ended, irreducible 3-manifolds which have 
infinite genus Heegaard splittings that are not stabilized? Are there such examples 
where the manifold has finitely generated fundamental group? What if we simply 
require that the splitting not be end-stabilized? 

In this subsection, we give two examples of splittings which are not end-stabilized. 
The first example is a non-stabilized splitting of a one-ended, irreducible 3-manifold 
M with infinitely generated fundamental group. The second example, which is ob- 
tained from the first, is a splitting of the Whitehead manifold W which is not 
end-stabilized, but which is stabilized and cannot be destabilized finitely many 
times. The key point is that, though there are infinitely many "inequivalent" re- 
ducing balls, they are not properly embedded in W. In this sense, this example 
is similar in spirit to Peter Scott's construction of a simply connected 3-manifold 
which is not the connect sum of prime 3-manifolds [Scottj . I do not know of a 
one-ended, irreducible manifold with finitely generated fundamental group which 
has an infinite genus non-stabilized splitting. 

We begin by constructing the splitting of M. Let Wq be the exterior of the White- 
head link in S^. Wq is a compact 3-manifold which contains no essential annuli 
or essential tori^. Wq is hyperbolic (Example 3.3.9 of [Thurp . As the Whitehead 
link is a 2-bridge link, it has tunnel number one, and therefore Wq has a genus 
2 Heegaard splitting which does not separate dWo- Let OqWo and diWo be the 
two boundary components of Wq. Let Xj and be the longitude and meridian 
of djWo (for j = 0, 1). The choice should be made so that Xj and fij correspond 
to the longitude and meridian of the corresponding component of the Whitehead 
link in S^. In particular, Aq and Ai are homologically trivial in Wq and /ig and 
included into Wq generate the first homology of Wq. Let / : OqWo diWo be a 
homeomorphism which takes Aq to fii and /ig to Ai. 

For each i G N let Wi be a copy of Wq. Denote the boundary components of 
Wi by doWi and diWi in such a way that the labelling corresponds to the labelling 
of the boundary components of Wq. Let Si be a genus 2 Heegaard surface for Wi 
which does not separate the boundary components. Let fi : dgWi — > diWi-i be 
the map /. Let A/i = Wi and, inductively, let 7\/„ = 7\/„_i U/„ Wn, d^Mn = di^Wi, 



'This is easy to prove directly, or see lEUI . 
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and diMn = diWn for n > 2. Let 5^ be the Heegaard surface of Mn and S the 
Heegaard surface of M obtained by amalgamating the surfaces Si, as described 
previously. 

We now show that S is not stabilized. If it were, then some S!^ would be sta- 
bilized, as reducing balls are compact. Without loss of generality, we may assume 
that n is odd, so that S!^ does not separate the boundary components of M„. It 
will be beneficial to work with a closed 3-manifold: glue a copy of Wq to M„ to 
obtain a closed 3-manifold M'. Use the glueing maps / : daWo 9iM„ and 
: diWo doMn- We may form a Heegaard splitting of M' by amalgamating a 
genus 2 splitting, which does not separate dWo , of Wq to S'„ across 9M„ to obtain 
a Heegaard surface T. As neither splitting separates the boundary components of 
the respective manifolds, this operation gives a well-defined Heegaard splitting T 
of M' , a closed 3-manifold. The genus of S'^^ is (2n— (n— 1)) = n+ 1. The splitting 
given by T is obtained from S!^ by adding a single one-handle to the handlebody 
in the splitting of M„. Thus, the genus of T is one more than the genus of 5*^; that 
is, the genus of T is n 4- 2. By assumption, S'^ is stabilized, and so T is, as well. 
Thus, M' has an irreducible Heegaard splitting of genus g < n + 1. 

We now appeal to a theorem of Scharlemann and Schultens. A consequence of 
Theorem 4.7 of |ScSch| is that if M' (a closed, orientable, irreducible 3-manifold) has 
a JSJ-decomposition with q non-Seifert fibered submanifolds, then q < g — 1. Let Q 
be the union of the boundary tori of Wi for i < n. As each Wi contains no essential 
annuli or tori, Q is the union of the canonical tori in the JSJ-decomposition of M'. 
None of the Wi are Seifcrt fibered, so g = n -I- 1. Therefore, q — n+l<g— l<n, 
a contradiction. Wc conclude that S is not stabilized. 

We have just shown that the manifold M has an infinite genus Heegaard surface 
S which is not stabilized. M has infinitely generated fundamental group as the tori 
dWi for z > 1 are all incompressible and non-parallel. 

Remark. There are many other similar constructions of 3-manifolds with infinitely 
generated fundamental group which have non-stabilized splittings. By allowing 
arbitrary glueing maps between boundary tori of the compact pieces, one can use a 
theorem of Bachman, Schleimer, and Sedgewick |BSSj to show that the amalgamated 
splittings are not stabilized. We do not pursue this route further in this paper. 

We now use the splitting of M to obtain a splitting of the Whitehead manifold 
W. The manifold M has a single boundary component OqWi. By attaching a solid 
torus V to dM so that the meridian of the solid torus is equal to the meridian no 
of doWi, we obtain the Whitehead manifold W D M. As this same process can 
be achieved by attaching first a 2-handle and then a 3-ball to dM, the surface S is 
still a Heegaard surface for W. As S is not stabilized in W — V, every stabilizing 
ball of S' in must intersect the compact set V. Thus, S is not end-stabilized. S 
is, however, stabilized. To see this, recall that S is formed by amalgamating the 
splitting S'n (for any given n) to the splittings Si for i > n. Interpreted in W, 
S'n (for any n) is a splitting of a solid torus. The genus of S"^ is n 4- 1 and so, 
by the classification of splittings of handlcbodies, S'„ can be destabilized n times 
in W. This means, then, that S can be destabilized infinitely many times in W. 
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The stabilizing balls are not properly embedded in W and so only finitely many 
destabilizations can occur at once. 

2.5. Ends of Heegaard Surfaces. The remainder of this section is devoted to 
showing that the inclusion of a Heegaard surface into M induces a homeomorphism 
of end spaces. It may serve to give the reader some feel for the properties of 
noncompact Heegaard splittings. Before stating the results, we recall the definition 
of the set of ends of a manifold. (See, for example, |BrTj .') 

Definition. A ray in a connected manifold Af is a proper map 
r : M_|- M. An end of a non-compact manifold M is an equivalence class of 
rays. Two rays r, s : R+ — > M are equivalent if for every compact set C C M there 
is a number tc G M+ such that the images of [tc, oo) under r and under s are in 
the same component of M — C . The set of ends is topologized by declaring that for 
any compact set C and any non-compact component A of the closure of il/ — C the 
set of equivalence classes {[r] : 3t S K+ with r{\t, oo)) C A\ is an open set. These 
open sets form a basis for the topology on the end space of M . The set of ends of 
M with this topology is 0-dimensional, compact, and Hausdorff |R,aj . 

The proofs of the following lemma and proposition follow suggestions by Martin 
Scharlemann. 

Lemma 2.1. Let T he a locally finite graph properly embedded in an open 3-manifold 
M. Then the inclusion of M — mt(r](T)) into M induces a homeomorphism of ends. 

Proof. Let X ~ M ~ int(77(r)). Let r and s be two rays determining the same end 
of X. Let C C il/ be a compact set. X is a closed subset of M. As such, C D X 
is a compact subset of X. Hence, there exists a. t G [0, oo) such that the images of 
[t, oo) under r and s are contained in the same component of X — C. This means 
that the images of [t, oo) under r and s are contained in the same component of 
M — C. Thus, r and s are rays in M and determine the same end of M. Hence, 
there is a well-defined map on ends induced by the inclusion of X into M. 

We next prove that the induced map on ends is surjective. Suppose that [r] is 
an equivalence class of ends of M. By general position, there is a representative of 
this equivalence class which is disjoint from F and, hence, there is a representative 
r which is contained in X. Under the induced map the equivalence class [r] in the 
set of ends of X is sent to the equivalence class [r] in the set of ends of M. Thus, 
the induced map on ends is surjective. 

Now suppose that [r] and [s] are equivalence classes in the set of ends of X which 
have the same image in the set of ends of M under the map induced by the inclusion 
of X into M. Let r and s be representatives of these equivalence classes in the set 
of ends of X . Since r and s represent the same equivalence class in the set of ends 
of M, for any compact set C C M there is a ic G [0, oo) such that the images of 
[tc, oo) under r and s are contained in the same component of M — C. Let K C X 
be a compact set. As X is closed in M, K is a. compact subset of M. The images 
r{[tK, oo)) and s{[tK, oo)) arc contained in the same component of M — K. The 
components of M — K are also the path components of M — K, so there is a path 
7 contained in M — K joining r{[tK, oo)) and s{[tK, oo)). By general position, we 
may homotope 7 so that its image is contained in M — {K U 77(r)). That is, 7 is a 
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path in X — K joining r{[tK, oo)) and s([tA', oo)). Thus, r{[tK, oo)) and s{[tK, oo)) 
are contained in the same component of X — K . Since K was an arbitrary compact 
subset of X, [r] = [s] in the set of ends of X and the induced map on ends is injective. 

We now prove that the induced map is bicontinuous. To show continuity, it suf- 
fices to show that the preimage of a basis element in the topology of ends of M is 
open in the ends of X . Let A' be a basis element in the topology of the set of ends 
of M . By definition, there is a compact set C C M and a non-compact component 
A oi M — C such that for each ray r for which [r] G A' there is tr € [0, oo) such 
that r([tr, oo)) is contained in A. By replacing C with r](C), we may assume that 
C and A are submanifolds of M. Since X is closed in M, C Ci X is compact and 
so by choosing representatives r for each [r] g A' such that r is a ray in X, we see 
that r{[tr, oo)) is contained in An X. 

We claim that AnX is connected and non-compact. It is easy to see that A OX 
is path-connected: choose two points x,y € AD X. Since A is path-connected, 
there is a path in M joining them. By general position we may assume that the 
path is disjoint from T. Thus, there is a path in A disjoint from ?/(r). Hence, AnX 
is path-connected and therefore connected. An X is also non-compact since r is a 
proper map and the image of [tr, oo) under r is contained in AnX. The preimage of 
A' is, therefore, contained in the set A" = {[s] : 3t e M+ with s{[t, oo)) C (AnX)}. 
Suppose, now, that s is a representative for [s] G A" . Since An X C A, s{[t, oo)) C 
A. Thus, the image of [s] under the inclusion map of ends of X into ends of M is 
contained in A' . Thus, the preimage of A' is A". A" is, by definition, an open set in 
the topology of the set of ends of X . Hence, the induced map on ends is continuous. 
Since the set of ends of a connected manifold is compact and Hausdorff the induced 
map also has continuous inverse. Thus, the induced map is a homcomorphism. □ 



Proposition 2.2. Let M = U Us V be an absolute Heegaard splitting of a non- 
compact manifold with compact boundary. Then the inclusion of S into M induces 
a homcomorphism of ends. 

Proof. If dAI 7^ we can attach finitely many 2 and 3-handles to dM to obtain 
an open 3-manifold M' containing M . An absolute Heegaard splitting for M is 
also a Heegaard splitting for M', since the 2 and 3-handles were attached to d- 
of the compressionbodies. Since we attached only finitely many 2 and 3-handles, 
the inclusion of M into M' induces a homcomorphism of ends. So, without loss of 
generality, we may assume that M is open. 

Choose spines and Sy for U and V respectively. Let V = U Ey. F is 
a locally finite graph properly embedded in M . Let X be the complement of an 
open regular neighborhood of V in M . Since Sjy and Sy are spines of handlebodies 
giving a Heegaard splitting of M, X is homeomorphic to S" x /. By Lemma ITTl the 
inclusion of X into M induces a homeomorphism of ends. Since X is homeomorphic 
to X / there is a proper deformation retraction of X onto S x {i}. Thus the 
inclusion of S into X is a proper homotopy equivalence and so induces a homeo- 
morphism on ends. Therefore, the inclusion of S into M induces a homeomorphism 
of ends. □ 
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Remark. In |FrM| , Frohman and Meeks prove by algebraic means that a Heegaard 
surface in a 1-ended 3-manifold is 1-ended. 

3. Slide-Moves 

3.1. Handle-slides. Let _ff be a compressionbody (absolute or relative) with pre- 
ferred surface S ~ d+H . Suppose that we are given a disc set A for H (with 
9A C d+H). We now describe a process which transforms A into a new disc set 
A'. 

Let a C d+H be an oriented arc such that a D dA = da. Suppose that the 
endpoints of a are on distinct discs of A. Let Di and D2 be the discs of A 
containing da so that a joins Di to D2- A regular neighborhood of Di U a U D2 
has frontier in H consisting of three discs. Two of these discs are parallel to Di 
and D2, the other has arcs in its boundary which are subarcs of r]{a). Let Di^D2 
denote this disc. Let A' = (A - U (Di 

Definition. The disc set A' is obtained from A by a handle-slide of A along a. 
If Di, D2 and a are all disjoint from a closed set X then the handle-slide is said to 
be done relative to X or (rel X). 

Suppose that A (Z H is a, subcompressionbody with the property that fr A C A. 
There is a subcompressionbody A' of H with frontier contained in A' which we 
say is obtained from A by a handle-slide. The definition of A' depends on the 
location of Di and a: 

• If Di is not in the frontier of A then A' is equal to A. 

• If Di is in the frontier of A and a is contained in 83 A then we remove the 
interior of a collar neighborhood of a U D2 from A. (The neighborhood of 
D2 should be taken to be just on the side of D2 which a intersects. This 
way, if D2 C int A, the disc D2 itself is not removed.) If D2 wasn't in the 
frontier of A, it is now contained in h A' . 

• If Di is in the frontier of A and a is not contained in dsA then to form 
A\ we add the closure of a regular neighborhood oi aiJ D2 to A. (Again, 
the neighborhood of D2 should be taken to be just on the side of D2 which 
intersects a.) 

Remark. The subcompressionbodies A and A' may not be homeomorphic (if, for 
example, both Di and D2 are contained in h A and a is not in 83 A). We do have, 
however, that (j{A\ A) is homeomorphic to <t{A'; A'). 

Likewise, if i? is a (topologically) closed subsurface of 8+H with the following 
three properties: 

• dDi is either a component of 8R or disjoint from 8R. 

■ dD2 is either a component of 8R or disjoint from 8R. 

■ The interior of a is disjoint from 8R 

then we can form a new surface R' which is obtained from R by a handle-slide. 
If 8D1 n8R= then R' is defined to be R. If 8D1 C 5i? and a C i? then R' 
is defined to be cl(i? — 7]{a U 8D2)) where the neighborhood of 8D2 is a one-sided 
neighborhood on the side of D2 which a meets. This way if 8D2 C int(i?) then 
8D2 C 8R' . If 8D1 C 8R and a is not contained in R then R' is defined to be 
R U ry(a U 802). As before, the neighborhood of 8D2 should be taken to be a 
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one-sided neighborhood on the side of dD2 which a meets. 

Bonahon developed the use of handlc-shdes to prove results about compression- 
bodies. The following proposition and its corollaries are based on his work in [Bon) . 
For proofs see Appendix B of that paper. The essence of the proof of Proposition 
13. II shows up in Step 6 of the proof of Proposition 15 . 21 of this paper. 

Proposition 3.1. If D is a boundary-reducing disc for H then there is a collection 
of defining discs for H which are disjoint from D. 

Corollary 3.2. Boundary-reducing a compressionbody along a finite disc set results 
in compressionbodies. 

Corollary 3.3. Given any finite disc set for a compressionbody, there is a defining 
collection of discs for the compressionbody which contains the given disc set. 

Corollary 3.4. A subcompressionbody with compact frontier is a compressionbody. 

The following definition will be useful later. We include it here since Corollary 
13.51 follows from Corollarv l3.3l 

Definition. If A and B are relative compressionbodies with A C B, we say that 
A is correctly embedded 'm B ii d-^A C d-^B and if every closed component of 
d-A is also a component oi d-B. 

Another way of stating the definition is that A d B is correctly embedded if 
each component of fr A is a component of d-A which has non-empty boundary and 
is properly embedded in B. 

Remark. The notion of "correctly embedded" is similar to Canary and McCul- 
lough's "normally imbedded" in |('MI Section 3.4]. 

Corollary 3.5. Suppose that A is a compact relative compressionbody correctly 
embedded in a relative compressionbody B. Then c\{B — A) is a relative compres- 
sionbody. In particular, if each closed component of d-B is contained in A then 
c\{B — A) is a handlebody. 

Proof. Choose a defining set of discs for A. Boundary-reduce B along Aa 
to obtain B'. Corollary 13.21 implies that each component of B' is a (relative) 
compressionbody. Each component of B' was either contained in A or contains a 
copy of fry! X / with ir A x {1} a subsurface of dB'. Subtracting ir A x I from 
those components of B' is simply removing a collar of a subsurface of dB' from B' 
and hence leaves us with a compressionbody. But this is exactly c\{B — A). If each 
closed component of d-B is contained in A then, if C is a component of B' which 
is not contained in A, 9_C contains no closed components. By our definition of 
"compressionbody" , dC is compact and so C is formed by adding one-handles to 
F X I where is a compact surface, no component of which is boundary-less. Thus, 
C is obtained by adding one-handles to handlebodies and, so, is a handlebody. We 
then form a component of cl(i? — A) by removing a neighborhood of fr A n C from 
C. The result is homeomorphic to C and so is a handlebody. □ 

Remark. We may not be able to choose c\{d+B — d+A) to be the preferred surface 
of cl(_B — A). For example, if i? is a compact relative compressionbody and we push 
each non-closed component of d- B slightly into B and take A to be the closure of 
the complement of the product regions. 
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3.2. Slide-Moves and Isotopies. For the remainder of this section, let S be an 
absohite Heegaard surface dividing a 3-manifold M with compact boundary into 
absolute compressionbodies U and V. 

If we have disc sets Ai for U and A2 for V which are disjoint from each other 
we can perform handle-slides on each disc set individually. The remainder of this 
section studies how these handle-slides affect the surface S. 

Definition. A 2-sided disc family A for S in M is the union of disc sets Ai 
and A2 for U and V with the property that the discs of A = Ai U A2 are pairwise 
disjoint. 

We can expand the notion of a handle-slide to that of a slide-move on the 2-sided 
disc family A = Ai U A2: 

Definition. A slide-move of A is one of the following operations: 
(Ml) Perform a handle-slide (rel 9A2) of Ai. 

(M2) Add to Ai a boundary-reducing disc for U which is disjoint from Ai U A2. 
(MS) Perform a handle-slide (rel dAi) of A2. 

(M4) Add to A2 a boundary-reducing disc for V which is disjoint from Ai U A2. 

Suppose that A is a subcompressionbody of U or V with fr A C A. If we per- 
form a slide-move on A to obtain a 2-sided disc family A we can obtain from 
A a subcompressionbody A' with frontier contained in A: If slide-move (M2) or 
(M4) is performed, A' is defined to be equal to A. U A C U and slide-move 
(Ml) is performed, A' is defined to be the subcompressionbody obtained from A 
by the handle-slide (see Section ITTIl . Similarly, ii A C V and slide-move (M3) is 
performed. A' is defined to be the subcompressionbody obtained from A by the 
handle-slide. If we perform a finite sequence of slide-moves to obtain A from A 
there is a subcompressionbody A' with fr A' G A obtained from A by a finite num- 
ber of handle-slides. We say that A is obtained from A by slide- moves and 
that A' is obtained from A by slide- moves. 

Suppose that i? is a properly embedded subsurface of S with dR C OA. The 
boundary components of R may bound discs in either U or V (i.e. discs which are 
in Ai or A2). If we perform a finite sequence of slide-moves on A to obtain A 
we may define a subsurface R' of S which is obtained from R by slide-moves 
and has boundary contained in dA. The definition is basically the same as the 
definition when a single handle-slide is performed: If slide-moves (M2) or (M4) are 
performed, R is left unchanged. If (Ml) or (M3) is performed, so that a disc Di is 
slid over a disc D2 via a path a, we can define R' as before (see Section I5TT|) . The 
following proposition is an integral part of the proof of Theorem 15. II 

Proposition 3.6. Suppose that A is a 2-sided disc family for S and that A is 
obtained from A by slide-moves. Then there is a finite collection of disjoint discs 
T) with dV C a{S]A) and a proper ambient isotopy of a{S] A), fixed outside a 
compact subset of M , with the following properties: 

(i) The discs V = DiU. . .UDp have an ordering such that the disc Di intersects 
only on its boundary the surface a{S;A) compressed along Di, . . . , Di-i. 
(See the remark below.) 

(ii) The isotopy takes a{S; A) to ^{S; A) compressed along T>. 
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(iii) Let R be a topologically closed subsurface of S such that dR C dA and R' 
the subsurface of S obtained from R by that sequence of slide-moves. The 
isotopy takes cf{R'; A) to the surface obtained from cr(R; A) by compressing 
along whatever discs of V have boundary in R. 

Remark. The discs V may intersect S on their interiors, so part of the conclusion 
of the theorem is that when we compress cr{S; A) along the discs _Di, . . . , Z?;-! we 
have chosen the regular neighborhoods of _Di, . . . , so that Di, although it may 
intersect S, does not intersect a-{S;A) compressed along Di, We will 
abuse notation and write cr{S; A U P) for the surface obtained from a'{S; A) by 
compressing along the discs V in the order given. Similarly, if i? is a topologically 
closed subsurface of S with dR C dA we will use a{R; AUP) to indicate the surface 
obtained from R by compressing along the discs of A and then D in the given order 
(rather, compressing along those discs which have boundary on R). 

The proof of Proposition 13.61 will make use of the following lemma: 

Lemma 3.7. // A; is a disc family for S with Ai <Z U or Ai G V and if Ai is 
obtained from Ai by a single handle-slide of the disc Di over the disc D2 via a path 
a, then there is a proper ambient isotopy of M , fixed off a compact set, with the 
following properties: 

(a) the isotopy takes a{S]Ai) to a{S;Ai). 

(b) if the handle-slide is relative to a closed set X then we can choose the 
isotopy to be (rel X). 

(c) if R is a subsurface of S with all of the following properties: 

■ dDi is either a component of dR or disjoint from dR. 
• dD2 is either a component of dR or disjoint from dR. 

■ The interior of a is disjoint from dR. 

then if R' is the subsurface of S obtained from R by the handle-slide then 
the isotopy takes cr{R'; Ai) to a{R; Ai). 




Figure 1. Compressing along A^ 

Proof of Lemma \^7J\ Recall that A^ is obtained from A^ by removing the disc Di 
and replacing it with the disc Z?i'^Z?2- Let S' = a{S;Ai). When we compress 
along the discs D2 and Di ^ D2 we end up with a situation as depicted in Figure 
n Note that the figure depicts four discs parallel to D2 since a disc parallel to D2 
makes up part of Di ^ D2 and both Di D2 and D2 are in A^. 
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After compressing along Di D2 we see that there is regular neigborhood N (in 
the compressionbody containing Ai) of a homeomorphic to x / with x {0} 
glued to a copy of Di and x {1} glued to a copy of D2 x /. Take a regular 
neighborhood in the compressionbody containing A,; of A'^ U {D2 x /) which misses 
the rest of the surface 5". This regular neighborhood is a 3-ball B. Choose the 
regular neighborhoods so that B D S' C dB. The intersection of B with Di is a 
disc which is a regular neighborhood (in the compressionbody) of the point a D Di . 
Slightly enlarge B in M to a ball B' and perform an ambient isotopy supported on 
B' and which takes B — Di to B D Di. Next use the regular neighborhood of a to 
isotope back to S the portion of S' which forms part of the boundary of a regular 
neighborhood of a (the "trough" ) . The result is the same as if we had compressed 
along Ai. This proves statement (a). The isotopy described is the identity off a 
neighborhood DiU aU D2 and so is a proper isotopy. 

If the handle-slide was relative to a closed set X, then by choosing the neighbor- 
hoods of Di, D2, and a to be disjoint from X, the isotopy described is relative to 
X. This proves statement (b). 

To prove conclusion (c), we examine the possibilities. Suppose that i? is a sub- 
surface of S as in the statement and suppose that R' is obtained from R by the 
handle-slide. Recall that B is the ball which is a regular neighborhood of a and 
Z?2. The important observation is that the isotopy takes dB — Di into Di. 

• Suppose that dDi C dR and that a C R. In this case, R' equals R — dB. 
The isotopy fixes R' — rj{dDi '2 D2UD2). And so the isotopy takes cr(i?'; A^) 
into (T(i?; Ai) 

• Suppose that dDi C dR and that a is not contained in R. Then a{R'; Ai) 
equals ^(i?; A.;) U dB. The isotopy described takes dB — Di into a{R; Ai). 

• Suppose that dDi is not contained in R. The previous case shows that 
a{c\{S — R');Ai) is taken into cr(cl(5' — R);Ai) and by part (a) wc must 
have that cr(i?'; A^) is taken into cr(i?; A^). 

• Suppose that dDi C int R. In this case, dB — Di is contained in a{R'; Ai) 
and {dB — Di) n S in (j{R; Ai). The isotopy clearly satisfies (c). 

□ 

We now turn to the proof of Proposition 13. 61 

Proof of Provosition \3. 61 Suppose that the 2-sided disc family A is obtained from 
the 2-sided disc family A by a finite sequence {/ii, . . . , fin} of slide-moves. Each Hi 
is a slide-move of type (Ml), (M2), (M3), or (M4). We prove the proposition by 
induction on the length of the sequence. If the sequence is of length the result is 
immediate so suppose that n > 1 and that the proposition is true for all sequences 
with n — 1 elements. 

Let S be the 2-sided disc family obtained from A by the sequence v = {/ii, . . . , 
Using the notation from the statement of the proposition: let r be the subsurface 
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of S obtained from the subsurface R by the sequence v. 

By the induction hypothesis, there is a collection of disjoint discs £ with bound- 
ary on cr(S'; A) and there is an ambient isotopy /, fixed off a compact set, which 
takes (7{S; 6) to cr{S; AU £) and which takes the surface cr(r; S) into the surface 
cr(i?; Au£). (Recall that this means R compressed along those discs of A U £ with 
boundary on R.) We assume that / also satisfies conclusions (i), (ii), and (iii). 

The 2-sided disc family A is obtained from the 2-sided disc family 5 by a single 
shde-move /i„ of type (Ml), (M2), (M3), or (M4). We divide the proof into the 
case when ^„ is of type (M2) or (M4) and the case when the slide-move is of type 
(Ml) or (M3). 

Case: is of type (M2) or (M4). If ^„ is a slide-move of type (M2) or (M4), A is 
obtained from S by adding a single disc D' to 6. In this case, R' = r. The ambient 
isotopy / takes the disc D' to a disc D with boundary on a{S; A\j£). By a further 
isotopy, if necessary, we may arrange that the disc D has boundary disjoint from 
the remnants of £ and so has boundary on a{S: A) and that D is disjoint from the 
discs of £, though it may intersect S* in a neighborhood of £. Let V equal £ U D. 
We need to show that we have satisfied the conclusions of the proposition. 

To prove (i), recall that the discs £ are numbered. The disc D should be given 
the next number. Since intD' is disjoint from <7{S;5) and the isotopy is an ambi- 
ent isotopy the disc D has interior disjoint from a-{S; AU £). Thus, D intersects 
a{S;Au£) only on dD. 

Conclusion (ii) is clear, since the isotopy / took <7{S; A' — D') to <7{S; AlJ £) 
and also took D' to D which is a disc with boundary on the surface obtained from 
a{S; A) by compressing along £. 

To prove (iii) , recall that since /i„ is the slide- move consisting of adding the disc 
D' to S, the surface R' equals the surface r. The induction hypothesis says that / 
takes fT(r; 5) to the surface a{R;A U £). Conclusion (ii) shows that the isotopy / 
takes the surface a{R'- A = S U D') to a{R;AU V). 

Case: fin is of type (Ml) or (MS). If the slide-move /i„ is of type (Ml) or (M3) we 
have obtained A from (5 by a single handle-slide of i5i in U or 62 in V. Without loss 
of generality, assume that /x„ is a slide-move of type (M3), so that A is obtained 
from S by the slide-move /i„ of 62- By Lemma 13.71 there is an ambient isotopy g of 
AI, fixed off a compact set, which satisfies properties (a), (b), and (c). In particular, 
g takes o-{S;A) to a{S;6) because it takes a{S; A2) to a{S;62) and is performed 
relative to d5i (property (b)). Let h be the ambient isotopy formed by performing 
g and then performing /. Let T> = £. We show that h satisfies conclusions (i), (ii), 
and (iii). 

Conclusions (i) and (ii) follow immediately from the induction hypothesis on / 
and property (a) of Lemma 13.71 
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To prove conclusion (iii), recall that r denotes the surface obtained from R by 
the sequence of slide-moves {/ii, . . . , ^n-i}. The surface R' is obtained from r by 
the handle-slide Property (c) from Lemma [3.71 shows that g takes a{R']/S.2) 
to a{r]52)- The isotopy g is an ambient isotopy which was performed relative to 
dSi, so g also takes cr(i?'; A) to <j{r\5). By induction, the isotopy / takes (j{r\5) 
to a{R; A U P). And so h satisfies (iii). □ 

4. Relative Heegaard Splittings 

4.1. The Outer Collar Property. Recall that a compact relative compression- 
body H is formed by taking a compact surface F (possibly 0), forming F x I, and 
attaching 1-handles to the interior of F x {1} and finitely many 3-balls. The surface 
F X {0} is d^H and the closure of its complement in dH is the preferred surface 
of H, denoted d+H. Recall, also, from Section ITTI that a relative compressionbody 
A is correctly embedded in a compressionbody B if the frontier of A in i? consists 
only of components of d-A which have boundary. Corollarv l3 . 51 states that, in this 
case, cl(i? — ^) is a relative compressionbody with some preferred surface. However, 
c\{B — A) may not be correctly embedded in B as we may not be able to choose 
c\{d+B — d-^A) to be the preferred surface of c\{B ~ A). 

In this section we explore situations in which wc can "come close" to having 
d+c\{B — A) equal c\{d-^B — 9+/!). These situations will arise when wc have 
exhausting sequences of noncompact absolute compressionbodics. 

Definition. Suppose that {K^} is an exhausting sequence for a noncompact ab- 
solute compressionbody U. If each Kl is a relative compressionbody correctly em- 
bedded in U and each A'- is correctly embedded in K'^_^^ then {K^} is a correctly 
embedded exhausting sequence for U. 

The following definition is somewhat technical, but will be useful for statements 
of results in Section [S] Recall that a collaring set of discs for a compressionbody H 
is a set of discs which separates off a copy oi d-H x /. 

Definition. Suppose that {K'^ is a correctly embedded exhausting sequence for 
U . Suppose that for each i >2 there is an embedding of [ic K[ x /, {dii K'^ x /) 
into {c\{K[ - K[_^), d+U c\{Kl - isT-.i)) so that fr K'^ = fr K'^ x {0} and so that 
fr A'j' X {1} is a subsurface of d+U except at a finite number of open discs. Then 
{K'j^} is said to have the outer collar property. 

Remark. The open discs of fri^,' x {1} which are not contained in d+U arc the 
interiors of a set of collaring discs for K'^. 

Definition. Suppose that {K'^} is a correctly embedded exhausting sequence for 
U. Suppose that for each i > 2 there is an embedding of (fr K'^^^ x I, {dir K[_-y) x I) 
into {c\{K[ - K[_^),d+U n cl(A',' - K[_{)) so that K[_^ = K[_^ x {0} and so 
that fr K[_^ x {1} is a subsurface of d+U except at a finite number of open discs. 
Then {K'^} is said to have the inner collar property. 

The outer collar property plays an important role in this paper, so it may be 
helpful to give an example of an exhausting sequence of a handlebody with the outer 
collar property. Our example is, in fact, an exhausting sequence of a one-ended, 
infinite genus handlebody which has both the inner and outer collar properties. 
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Example. For each natural number i, let Fi be a compact, connected surface with 
non-empty boundary. Let Pi = Fi x I. Recall that Pi is a handlebody. For each 
i > 2 join Fi x {0} to Fi-i x {1} by a one-handle Hi. Denote the union of all 
the product regions and all the one- handles by H. See Figure [3 for a schematic 
depiction of H. Let Di be a disc which is a cocore of the one- handle Hi. Let 

a;' = Pi U if2 U P2 U . . . U P2«-i U U (P2. x [0, i]). 

The construction makes clear that {K'^} is a correctly embedded exhausting 
sequence of the handlebody H. The frontier of K'^ is P2j: x {^} which is an incom- 
pressible surface in H. For i >2, compressing along Z?2i leaves two components, 
one of which is P2i x [0, ^] = b K'^ x /. This component is disjoint from Kl_^. From 
the construction, it is clear that {K^} has the outer collar property. For i > 2, 
boundary- reducing c\{K- — K'i_i) along the disc D2i-i leaves two components, one 
of which is P2i-2 x [i, 1] = Kl_^ x /. Again, from the construction it is clear that 
{K^} has the inner collar property. 



Ho 



FiX I F2X I 



F3 X / Fax I 



Figure 2. The handlebody H. 



In this paper, it is the outer collar property which is most used. The inner collar 
property makes an appearance in the appendix. Certainly not every correctly em- 
bedded sequence has the outer collar property. If, for example, for some i, d-K[_i 
was not a disc and bounded a product region with d-K[, the sequence would not 
have the outer collar property. If a sequence has both the inner and outer collar 
properties we can take c\{dj^K[^T^—d+K'^ to be the preferred surface for the relative 
compressionbody c\{Kl_^^ — K'^). It is in this sense that a sequence with the outer 
collar property "comes close" to having c\{d-^K^_^^ — d+Kl) the preferred surface 
for the relative compressionbody c\{K'j^^i — K'^^). 

It turns out that sequences with the outer collar property are fairly common: 

Lemma 4.1. Suppose that {A'-} is a correctly embedded exhausting sequence for 
the absolute compressionbody U . Then there is a subsequence with the outer collar 
property. 

Proof. Let {Li} be an exhausting sequence for U by subcompressionbodies. Re- 
call that the frontier of a subcompressionbody consists of properly embedded discs. 
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Take subsequences of {K'^} and {Li} so that for all i, Li C C Li+i. Each inclu- 
sion should be into the interior of the succeeding submanifold. Fix some i G N. 

By Lemma 13.31 we may choose a defining collection of discs A for K'^ which 
includes the discs ir Li. Boundary-reducing K'^ along A leaves us with 3-balls 
and products d-K[ x /. Since K[_^ C Li and frL^ separates U wc have that the 
remnants of K[_i are completely contained in the 3-balls. Thus the product regions 
d-K[ X / are contained completely in c\{K[ — K[_^). Label d-K[ with d^K[ x {1}. 
The discs of A which show up on d-K[ x {0} can be taken to be our collaring set 
of discs. This collaring set of discs and the product region d-K[ x / are contained 
in K[ — K[_^ so the sequence {K[} now has the outer collar property. □ 

4.2. Relative Heegaard Splittings. Suppose that M = J7 U5 is an absolute 
Heegaard splitting of a non-compact 3-manifold with compact boundary, contain- 
ing no iS*^ components. If iV C M is a compact submanifold, the surface S r\ N 
cannot possibly give an absolute Heegaard splitting of TV as is non-compact and 
N is compact. It can, however, give a relative Heegaard splitting of N . 

We will eventually look at the relationship between relative Heegaard splittings 
and absolute Heegaard splittings, but first we show how exhaustions of M by com- 
pact submanifolds which inherit relative Heegaard splittings from S give rise to 
correctly embedded exhausting sequences of U . 

Definition. A submanifold N contained in AI is adapted to S if 

{UON) UsnN {VnN) is a relative Heegaard splitting of and (UDN) is correctly 
embedded in U and {V D N) is correctly embedded in V. An exhausting sequence 
{Ki} is adapted to S if each Ki is adapted to S. It is perfectly adapted to S if 
it is adapted to S and, additionally, each c\{Ki^i — Ki) is adapted to S. 

Remark. The requirement that {U D N) and {V n A^) are correctly embedded in 
U and V respectively means that fr A^ can have no closed components which are 
contained entirely in U or V: such a component would have to be a component 
of d-{U n A^) or d-{V D N) as it would not be a subsurface of S. This, however, 
means that ?7 n A or 1/ n A^ is not correctly embedded in U. 

In constructing an exhausting sequence that is adapted to S, the requirement 
that U n N and VON are correctly embedded in U and V is a minor one. To see 
this, suppose that a compact submanifold N C M containing dM has the property 
that NnU and NDV are relative compressionbodies with preferred surfaces SnN. 
It is easy to adjust A^ so that UnN and VnN are correctly embedded. If J7nA^, say, 
is not correctly embedded there must be a component F of d-{U ON) — dM which 
is a closed surface. Since U is an absolute compressionbody, H2(J7, d^U) = 0. Thus 
either F, or F and components of d-U 11 dM, bound(s) a compact submanifold L 
of U. L cannot be interior to A^ as A^ n C/ is a relative compressionbody with non- 
empty preferred surface and FUd-U is contained in 9_(C/n7V). Thus L is exterior 
to A^. Since d-U C dM C A, we have that dL = F. In fact, (Nr\U)UL must still 
be a relative compressionbody. To see this, note that F must be compressible in 
L as is incompressible in NnU. ((?_ of a compressionbody is incompressible in 
the compressionbody). Every closed incompressible surface in U is parallel to d-U. 
Boundary-reducing L is the same as adding a 2-handle to N nU along a curve 
in F C d-{N U L). Adding a 2-handle to d- of a compressionbody preserves the 
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fact that we have a relative compressionbody (up to the introduction of spherical 
boundary components). Eventually, our surface is a collection of spheres, which, 
since U is irreducible, bound balls in U. Including these balls into N (with the 2- 
handles attached) also preserves the fact that we have a relative compressionbody. 

Lemma 4.2. //{A';} is an exhausting sequence of M adapted to S with dM C Ki 
then {Ki C]U{ and {Ki n V} are correctly embedded exhausting sequences of U and 
V respectively. 

Proof. Let X denote either U or V . Since {Ki{ is adapted to S*, by definition 
each K^n X is correctly embedded in X. Thus, d+{Ki n X) C d+{K^+i n X). 
Furthermore, any closed component of d-{Ki n X) is a component of d-X which 
is contained in 9_(ifi+i fl X). Thus, each closed component of d-{Ki n X) is a 
component of d-{Ki+i CiX). Hence, KiHX is correctly embedded in Xi+i CiX. □ 

Definition. If {Ki} is an exhausting sequence of M adapted to S with dM C Ki 
and such that {Ki D U} has the outer collar property we say that {Ki} has the 
outer collar property with respect to U. 

Corollary 4.3. If {Ki} is an exhausting sequence of M adapted to S with dM C 
Ki then there is a subsequence which has the outer collar property with respect to 
U. 

Proof. By Lemma IT!^ {Ki HU} is a correctly embedded exhausting sequence of U. 
By Lemma f4. II there is an infinite subset Af of N such that {Ki D U}i£j^ has the 
outer collar property. Hence, {Ki}iQj\f has the outer collar property with respect 
to U. □ 

4.3. Balanced Exhausting Sequences. We've shown so far that if M has an ex- 
hausting sequence adapted to S we can find one which has the outer collar property. 
We've not yet addressed the question of the existence of an exhausting sequence 
adapted to S. We do that now. This construction is a variation of the construction 
given by Frohman and Meeks in |.FrMj . 

Recall that M = U Us V is an absolute Heegaard splitting of a non-compact 3- 
manifold with compact boundary. Let A and B be compact subcomprcssionbodies 
of U and V respectively with the property that dsA C int{dsB). Let C be a regular 
neighborhood oi AU B. 

Definition. A set C constructed in such a manner will be called a balanced 
submanifold of M (with respect to S). An exhausting sequence {Ci} of M will 
be called a balanced exhausting sequence for M (with respect to S) if each 
Ci = ri{Ai U Bi) is a balanced submanifold and if, for all i, dsBi C int(9s^i-|-i). 

The next lemma guarantees that balanced submanifolds are adapted to the Hee- 
gaard surface. Consequently, we will say that such a set C is a balanced sub- 
manifold of M (adapted to S). 

Lemma 4.4 fFrohman-Meeks . jFrMI Proposition 2.2]). If C is a balanced subman- 
ifold of AI with respect to S then C is adapted to S. 

Proof. We must show that {U n C) Usnc (^ n C) is a relative Heegaard splitting 
of C. In other words, we must show that U DC and V nC are both relative com- 
pressionbodies with preferred surface S Cl C. 
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Assume that C is a regular neighborhood of A U i? where A and B are com- 
pact subcompressionbodies of U and V respectively and dsA C dsB. We have 
C DV = ri{B) so C n y is a relative compressionbody with preferred surface Sr\G . 
To obtain C n C/ we take a regular neighborhood of c\{dsB — dsA) in U and glue 
it to A. An alternative way of performing the construction is as follows. 

Let D be the collection of discs which make up the frontier of A. Take a regular 
neighborhood of D and let D' be the components of the frontier of the neighborhood 
which are not in A. Let F = c\{dsB — {dsAUi]{D))). Take a regular neighborhood 
oi F in U — A. Consider F to be x {1}. Since D' C F, this regular neighborhood 
contains D' x /. See Figure 01 This revised neighborhood is 9_C x /. We may 
then add one- handles so that one end of each one-handle is on a disc oi D' x {1} 
and the other end is on the corresponding disc oi D. It is clear that 5 fl C is the 
preferred surface of this compressionbody. □ 



dsB - dsA 




Figure 3. Adding a regular neighborhood of dsB — dsA to A 
gives us a relative compressionbody. 



To obtain a balanced exhausting sequence of M, start by taking exhausting se- 
quences {Ai} and {Bi} of U and V by subcompressionbodies. Since each At and 
each Bi are compact we may take subsequences of {Ai} and {Bi} so that, for all 
i, dsAi C dsBi C dsAi+i. Each of the inclusions should be into the interior of the 
succeeding surface. 

A component of the frontier of a balanced submanifold C can be thought of as 
being a compact subsurface of S with discs, each contained entirely in U or V, 
glued onto the boundary components. In fact, since each component of the frontier 
of each balanced submanifold intersects 5*, neither d-{C fl U) nor d-{C n V) have 
components which are closed surfaces not contained in DM. Thus, if we have 
a balanced exhausting sequence {Ci} of M adapted to S with dM C Ci, it is 
adapted to S in the sense of the definition given at the beginning of this section. 
By Corollarv l4.3l we can take a subsequence of {Ci} so that it has the outer collar 
property. 



ON NON-COMPACT HEEGAARD SPLITTINGS 



25 



Remark. Even though wc have a balanced exhausting sequence {C;} of M which 
is adapted to S and has the outer collar property, there is no reason to suppose 
that it is perfectly adapted to S. The difficulty is in the fact that cl(Ci+i — Ci) fl U 
may not be a relative comprcssionbody with preferred surface S D cl(Ci-|-i — Ci). 

Let {Ci} be a balanced exhausting sequence for M adapted to S. Each Ci is the 
neighborhood of Ai U Bi where Ai and Bi are subcompressionbodies of U and V 
respectively. As such, the collection of discs A = Ui(fr^i Ub Bi) is a 2-sidcd disc 
family for 5* in AI . (The notation means the frontier of Ai in U and the frontier 
of Bi in V.) We can perform a finite sequence of slide-moves fSection 13. 2|) on A 
to obtain a new 2-sided disc family A. This sequence also gives us, for each i, 
subcompressionbodies A'^ and B'^ obtained from Ai and Bi respectively by slide- 
moves. The important observation is that since the slide-moves are done relative 
to UiidirA.UdfrBi) we still have, for each i, that dsA'i C dsB[ C dsA'^+^. Thus, 
C[ = ri{A[ U B'j) is a balanced submanifold of M adapted to S. And so, {C^'} is a 
balanced exhausting sequence of M adapted to S. These observations provide the 
key to the proof of Theorem 15. II 

Definition. The balanced submanifold C = ii{A' U B') is obtained from the bal- 
anced submanifold C = ri{A U B) by slide-moves if there is a finite sequence of 
slide- moves by which A' is obtained from A and B' is obtained from B. 

4.4. Comparing Absolute and Relative Heegaard Splittings. In the remain- 
der of this section, we look at the relationship between absolute and relative Hee- 
gaard splittings of a compact manifold. These results will help us to translate facts 
about absolute Heegaard splittings to relative Heegaard splittings. Let N denote a 
3-manifold, compact or non-compact, with non-empty compact boundary. 

Suppose that N = U Us V is a relative Heegaard splitting. Let B denote the 
boundary components of N which intersect S. Define U to he U together with a 
regular neighborhood of B. Define V to be the closure of the complement of U in 
N and let S ^UnV. 

Lemma 4.5. N ^ U UgV is an absolute Heegaard splitting of N . 

Proof, li B ^ there is nothing to prove, so assume that B is non-empty. J7 is a 
relative comprcssionbody and so is obtained from x / by adding 1-handles to x 
{1} and countably many 3-balls. _F is a compact surface with boundary. Let B be a 
component of B and let Bu ^ BCiU and By = BDV. In the process of obtaining U 
we glue By xl to Bjj x / along 7 x / where 7 = dBy = dBjj. So U is B x I attached 
by 1-handles to the preferred surface of a comprcssionbody. Hence, performing this 
operation for each boundary component of N which intersects S, leaves us with U, 
an absolute comprcssionbody. On the other hand, to form V we have removed a 
collar neighborhood of each component of d-V which intersected d+V. Let V he a 
collaring set of discs for V. The discs V are also discs in V. Let £ he the collection 
of components of a-{V; V) which contain d-V Ci B. Each of these components is a 
(surface with boundary) x /. As such, each component is a handlebody. Removing 
a collar neighborhood of d^V D B from these components does not change the 
homeomorphism type. The space V is formed by attaching these handlebodies to 
the preferred surface of the absolute comprcssionbody o-{V; T>) ~ £ hy 1-handlcs 
dual to the discs V. Thus, V is an absolute compressionbody. □ 
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If we know that V intersects dN in discs, the relationship is stronger. 

Lemma 4.6 (The Marionette Lemma). Suppose that Us Us Vs o,nd Ut Ut Vt 
are two relative Heegaard splittings of a 3-manifold N . Suppose also that for each 
component of dN which intersects S , Vs and Vt intersect that component in discs. 
If for each such boundary component of N , Vs and Vt intersect that boundary 
component in the same number of discs, then S and T are properly ambient isotopic 
if and only if S and T are properly ambient isotopic. 

We form Us and Ut by including a regular neighborhood of VsC^dN and VtC^ON 
into Us and Ut. If we want to undo this operation we can remember the cocores of 
the discs Vsr\dN and VTC\dN . These give us finite collections of arcs in Us and Ut 
joining dN to S and T respectively. To prove the lemma, we need to understand 
how these arcs can be isotoped within the compressionbodies Us and Ut. We will 
show that if S and T are isotopic, we can isotope S and T to coincide and then 
isotope the arcs to coincide. 

Definition. Let i/; be a finite collection of arcs in an absolute compressionbody H 
with at least one endpoint of each arc on d+H . If is a 3-ball then ?/' is standard 
if it is isotopic to a collection of arcs which lie in dj^H = dH . li H ~ F x I where 
is a closed connected surface, then -0 is standard if there is an isotopy of ip so 
that each spanning arc is vertical in the product structure and each non-spanning 
arc is contained in F x {1} = d+H. For a generic absolute compressionbody. ^ is 
standard if there is a defining collection of discs A for H which is disjoint from ip 
and such that tJj is standard in each component of a{H; A). 

We need the following two results which are slightly rephrased from |ScThlj . 
We are allowing our compressionbody to be non-compact, but since the number of 
arcs is finite the results are still true, as we may restrict attention to a compact 
subcompressionbody. 

Lemma 4.7 (Scharlemann-Thompson, |ScThll Lemma 6.4]). If a and t are stan- 
dard collections of arcs in an absolute compressionbody H , then for any defining 
collection of discs A for H there is an isotopy of a and an isotopy of r so that a 
and T are standard in cr(II; A). 

Lemma 4.8 (Scharlemann-Thompson, jScThll Corollary 6.7]). Let tp be a collec- 
tion of arcs properly embedded in a compressionbody H such that for every subcol- 
lection ip' C ijj, the complement of ip' is a compressionbody. Then tJj is standard. 

Proof of the Marionette Lemma. If S and T are ambient isotopic, it is clear that S 
and T are. So suppose that S and T are ambient isotopic. 

As mentioned earlier, we can recover S and T from S and T by remembering 
the cocores of the 2-handles that were added to Us and Ut. Let a be the collection 
of arcs coming from VsCidN and let r be the collection of arcs coming from VtHON. 

Isotope S onto T. Now we have Us = Ut. This isotopy takes a to some collec- 
tion of arcs which we continue to call a. If we can show that there is an isotopy 
of a onto T which keeps S mapped onto T for all time, we will be done. The iso- 
topy is allowed to move the endpoints of the arcs, but it must keep them on dNUS. 
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We claim, first, that for each subcollection a' of arcs in a the complement of a' 
in Us — Ut is a compressionbody. Let a' be a subcollection of arcs from a. Let s' 
denote the arcs of a — a' . Let Dg' be the 2-handles of rjCVrndN) which have cocores 
s' . Consider the relative compressionbody Us- t^s is formed by taking a surface F 
with boundary, forming F x I and adding 1-handles to x {1}. The surface F has 
one boundary component for each component of SndN . Let 7 denote the boundary 
components of F x {0} which correspond to s'. Adding the 2-handles Da-' to Us is 
achieved by attaching copies of x I to F along 7 x /. It's clear that the result is 
still a compressionbody. But this is exactly cl{Us — ri{a')). Thus, the complement 
of every subcollection of a in Us is a compressionbody. The same result holds for r. 

By Lemma 14.81 both a and r are standard. By Lemma 14.71 there is a proper 
isotopy of a and a proper isotopy of r so that both a and r are disjoint from a 
defining disc set A for Us ~ Ut and both are standard in a{Us;^)- Since each 
arc of (T U r has an endpoint on a component of dN, we may assume that the 
isotopy has made each arc of a and each arc of t vertical in the product structure 
of {On X I) n Us- Since for each component of dN the arcs of a and t with an 
endpoint on that component are in one-to-one correspondence, there is the required 
isotopy taking a onto r. □ 

The following is a version of Haken's Lemma for relative Heegaard splittings. It 
is, perhaps, well-known. It appears in similar versions as Lemma 5.2 in |BSS| and 
as a remark following Definition 2.1 in |FrM| . 

Lemma 4.9 (Haken's Lemma). Suppose that U UsV is a relative Heegaard splitting 
of N with the property that each component of V D dN is a disc- Then if ON is 
compressible in N there is a compressing disc for dN whose intersection with S 
is a single simple closed curve. Furthermore, boundary reducing N along this disc 
leaves us with a relative Heegaard splitting c\{U — rj{D)) ^c\{S-ri{D)) cl(V^ — viD)) of 
the resulting manifold- 
Proof Let U U^V be the absolute Heegaard splitting for obtained by including 
7]{V n B) into U for each component B C dN which intersects S- Since dN is 
compressible, by Casson and Gordon's version of Haken's Lemma jCGj . there is a 
compressing disc D for dN which intersects in a single simple closed curve. 

To obtain UUsV from U UgV we include into V the neighborhood of a certain 
collection of arcs cr. The arcs a are the cocores of the 2-handles which we added to 
U in order to obtain U. 

If dD is on a component of dN contained in V, then by Lemma 14.71 we may 
isotope a to be disjoint from the disc D C\U - Thus, there is a compressing disc for 
dN which intersects S* in a single simple closed curve. 

If dD is on a component of dN contained in U then D n C/ is an annulus. By 
performing handle-slides, we may obtain a defining collection of discs A for U which 
are disjoint from that annulus. We may assume that the annulus Z) n [/ is vertical 
in the product structure of the component of a{U] A) containing it. By Lemma 
14.71 there is an isotopy of the arcs a so that a is disjoint from A and is vertical in 
the product structure of the components of cr(t/; A) containing it. It is then easy to 
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isotope a to be disjoint from the annulus D OU . Hence, when we remove an open 
regular neighborhood of a from U to obtain U we have the disc D intersecting S 
in a single simple closed curve. Thus S divides D into a disc and an annulus. 

Boundary-reducing N along D leaves us with a 3- manifold N = a{N;D). We 
have boundary-reduced the relative comprcssionbody (U or V) containing the disc 
part of D along a disc with boundary in the preferred surface. Thus, by Lemma 
I3.2l it is still a relative comprcssionbody. In the other comprcssionbody X (equal to 
V OT U), there is a defining set of discs A disjoint from D and the annulus D n X 
is vertical in the product structure of the component of a(X;A) containing it. 
That component is homeomorphic to F x I where F is a compact surface, possibly 
with boundary. Removing the open neighborhood of a vertical annulus in such a 
component leaves us with a manifold homeomorphic to G x / where G is a compact 
surface obtained from F by removing an open annulus. Thus, X — int(ry(_D HX)) is 
still a relative comprcssionbody with preferred surface 5* — int(7;(_D)). This implies 
that TV = c\{U — ri[D)) y-^c\(s-r)(D)) c\{V — rj[D)) is a relative Heegaard splitting. □ 

5. Heegaard Splittings of Eventually End-Irreducible 3-manifolds 

5.1. Introduction. Recall that a non-compact 3-manifold M is end-irreducible 

rel G for a compact set G C A/ if there is an exhausting sequence {iiTilN for M 
such that G C Ki and, for all i, ijKi is incompressible in M — C. Inessential 
spheres count as incompressible surfaces, so, for example, R'^ is cnd-irrcduciblc rcl 
0. Other examples of eventually cnd-irrcduciblc 3-manifolds arc deleted boundary 
3-manifolds. A deleted boundary 3-manifold M contains a compact set G so that 
cl(M — G) is homeomorphic to x for some closed surface F. 

For the remainder of this section, assume that M is an orientable non-compact 
3-manifold which is end-irreducible rel G and that dM C G. Let M = Us 1^ be 
an absolute Heegaard splitting of M . 

Since we will be dealing with a variety of exhausting sequences for M we collect 
the following definitions here: 

Definition. Let {Ki} be an exhausting sequence for M with G C Ki. We say 
that: 

• {Ki} is frontier-incompressible rel G if, for each i, frif,; is incompress- 
ible in M - C. 

• {Ki} is adapted to S if, for all i, (U n Ki) \J(^snKi) {V n Ki) is a relative 
Heegaard splitting of Ki and if {X n Ki) is correctly embedded in X for 
X ~ U,V. If {Ki} is adapted to S there is a subsequence which has the 
outer collar property (Lemma 14.111 . 

• {Ki} is perfectly adapted to S if it is adapted to S and, in addition, 
each c\{Ki+i — Ki) is adapted to S. That is, each c\{Ki+i — Ki) inherits a 
relative Heegaard splitting with Heegaard surface S D cl(A'i+i — Ki). 
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• {Ki = ri{Ai\JBi)} is a balanced exhausting sequence for M (adapted to 
S) if each Ki is a regular neighborhood of Ai U Bi where Ai and Bi are sub- 
comprcssionbodics of U and V respectively with dsAi C dsBi C c^sAi+i. 

• {/•sTi} is well-placed on S rel C if it is a frontier-incompressible (rel C) 
exhausting sequence for M which is adapted to S and, in addition, has the 
following properties: 

(WPl) For each i, V intersects each component of ir Ki in a single disc. 

(WP2) For each i, ir Ki n U is incompressible in U. 

(WPS) {Ki} has the outer collar property with respect to U. 

(WP4) For each i, no component of cl(A/ — Ki) is compact. 

The main result of this section is: 

Theorem 5.1. Suppose that AI is a non-compact orientable 3-manifold with com- 
pact boundary which is end-irreducible (rel C) where C is a compact set containing 
DM. Suppose also that U Us V is an absolute Heegaard splitting of M . Then there 
is an exhausting sequence of M which is well-placed on S rel C. 

The most difficult part of the proof is in showing that there is a frontier- 
incompressible (rel C) exhausting sequence which is adapted to S. 

5.2. Balanced Sequences and the Weakly Reducible Theorem. We begin 
by showing that there is a balanced exhausting sequence of M adapted to S so that 
the compressing discs for the frontiers of the exhausting elements are in a "good 
position" relative to the Heegaard surface. 

Proposition 5.2. There is a balanced exhausting sequence {Ci = rj{A[ U -B^)} for 
M adapted to S and a 2-sided disc family for S which contains \Ji{h A[ U fri?j') 
such that, for each i, a{c\{dsB'^ — dsA'^);'^) is incompressible in M — C . 

Remark. In |CGj Casson and Gordon prove that if a Heegaard splitting of a 
compact 3-manifold is weakly reducible then there is a 2-sided disc family for the 
Heegaard surface such that when the surface is compressed along that family, the 
result is a collection of incompressible surfaces (possibly inessential spheres)^. Since 
the frontiers of balanced submanifolds consist of surfaces which are obtained from 
the Heegaard surface by compressions along disjoint discs, it is natural to try to 
harness the power of the Casson and Gordon theorem. 

It is unclear, however, if the Casson and Gordon theorem can be extended to non- 
compact 3-manifolds in a way that is directly useful in this situation. Nonetheless, 
the proof of our theorem is based on the outline of a proof of Casson and Gordon's 
theorem given in |Sc]. We will also need to use Casson and Gordon's version of 
Haken's Lemma. 

The proof is rather long so we begin with an outline of the proof: 
(1) Take a balanced exhausting sequence {Ki — rj{AiiJBi){ . For each Kn show 
how to replace _?C„_2, -fiTn-i, and Kn with "better" balanced submanifolds 
KJ^ = rj{Aj^ UBJ^) for k = n — 2, n — 1, n. Each of these better balanced sub- 
manifolds is still contained in Kn+i and still contains Kns- Let C„ = /v^. 



■^This is not how the result is usually stated, but see the proof given in IScl . 
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The new manifolds will be obtained from the old ones by a finite sequence 
of slide-moves L. The process of obtaining C„ will also leave us with a 
2-sided disc family A for 5 fl Kn+i- 

(2) Suppose that there is a compressing disc D for a{c\{dsBf^ — dsA^); A). 

(3) Show that we can assume that D is contained in Kn+i — K^_2. This step 
is where we use the eventual end-irreducibility of M . 

(4) Replace D by a compressing disc of a{S fl Kn+i; A) which intersects (t{S fl 
Kn+i; A) only on dD. We continue calling the disc D. 

(5) Use Haken's Lemma to replace D by a disc which intersects a certain Hee- 
gaard surface exactly once and is contained in -ftTn+i — A'„_3. Wc continue 
calling the disc D. 

(6) Follow the arguments of Casson and Gordon's Weakly Reducible theorem 
to obtain from C„ by slide-moves a balanced submanifold which is even 
better than C„. This will contradict the construction of C„. 

(7) Use this replacement technique on each element of a subsequence of {Ki} 
to obtain the desired {Ci}. Construct the 2-sided disc family "if from the 
2-sided disc families A which were created in each replacement operation. 

Proof of Provosition TU^ Let {Ki ~ Tji^Ai U -Bi)}i>o be a balanced exhausting se- 
quence for M adapted to S and let {Pi \ be a frontier incompressible exhausting se- 
quence (rel C). Choose the exhausting sequences so that C C Kq C Pi-i C Ki C Pi 
for alH > 1. Each of the inclusions should be into the interior of the succeeding 
submanifold. Figure ^ is a schematic of the exhausting sequences. The frontiers 
of the submanifolds in {Pi} may have a very complicated intersection with the 
Heegaard surface. The frontier of each submanifold in the balanced exhausting 
sequence consists of discs and compact surfaces parallel to subsurfaces of S. 

tKi frA',+1 

U 



S 

V 

Figure 4. A schematic of the exhausting sequences 

We will show that given a (7 G N and n > q + 3, Kn can be replaced by a compact 
submanifold C„ = vi^'n U fi'J with the following properties: 
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(1) Cn is obtained from Kn by slide moves. 

(2) There is a 2-sided disc family A for S in Kn+i containing fr AJ^ U fr i?,'^ such 
that (T{c\{dsBl^ — (?5^'J; A) is incompressible in M — C. 

(3) We still have Kg C C„ and the discs ir Aq U fri?^ are contained in A. 
Choose some n > q + 3. 

Let A = [Jq<i<n+ii^^ UfrSi). Recall from Section that a slide-move of 
this 2-sided disc family consists of either adding a compressing disc for S* to A 
which is disjoint from all other discs of A or performing a 2-handle slide of one disc 
of A over another disc of A. The arc over which a 2-handle slide is performed must 
have its interior disjoint from all discs of A. 

Recall from just after Lemma [4.41 that each slide-move performed on A leaves 
us with new balanced submanifolds obtained from the submanifolds {Ki}i<n+i by 
slide-moves. After performing a slide-move, we still have Ki C Ki-\.i for all i, since 
all the slides are performed relative to A. 

Let C denote the set of all finite sequences of slide-moves of A subject to the 
following restrictions: 

(1) Every time a disc is added to A, the disc has boundary lying on S'n Kn+i- 

(2) No disc of fr A'„+i U ir Kg is ever slid over another disc. 

These restrictions mean that performing a sequence of slide-moves in C preserves 
the ordering of submanifolds Ki for q < i < n + 1. Furthermore, the manifolds 
Kn+i and Kq are left unchanged. 

Step Q Each sequence L & C leaves us with new balanced submanifolds Kf" for 
q < i < n + I. The submanifolds Kq and Kn+i are left unchanged. For ease of 
notation, let Kq = Kq and Kf^^i = Kn+i- Let Af be the subcompressionbody of 
U obtained from Ai by the slide-moves L and let Bf" be the subcompressionbody 
of V obtained from Bi by the slide- moves L so that A'/" = ?7(Af U B^). 

Recall from (.'(.i that the complexity of a closed, connected surface F is defined 
to be 1 — x{P): unless -F is a two-sphere, in which case, it is 0. The complexity of 
a disconnected closed surface is the sum of the complexities of the components. 

Performing i on A leaves us with a disc family A^ which contains the discs 
b Af UfrSf for (7 < 2 < n-l- 1. Define the complexity of Al to be the complexity of 
a{S n A'„_|_i; Ai). Since complexity is invariant under handle-slides fLemma KS.?!! . 
the complexity of a 2-sided disc family cannot increase under slide- moves. 

Choose an L g £ so that A^ has minimal complexity. Let A = A^ and 
Cn ~ Kf^. Let Ai be those discs of A which lie in U and A2 those discs which lie 
in V. 
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Recall that if i? C S* is a compact subsurface of S with dR C dA, the notation 
cr(i?; A) signifies the surface obtained from R by compressing along those discs of A 
which have boundary on R. Let Ri = c\{dsBi~dsAi) and let R'^ — c\{dsBf' —dsAf) 
for q < i < n+1. Note that R'^ is obtained from Ri by the sequence of slide-moves L. 
We claim that cr{R'„; A) is incompressible in M — C. The surface R'^ is a subsurface 
of S which is parallel in /vf to cl(fr K[ - (fr Af U fr )). 




Figure 5. A schematic of Ai and A2 



Step\B Let 5fe = a{S n Kn+i, Ak) for = 1,2. Let VP^i be J/ni^n+i together with 
the 2-handles coming from A2 minus the 2-handles coming from Ai. Let W2 be the 
closure of the complement of Wi in Kn+i- Let S = a{S fl Kn+i; A). We are trying 
to show that cr{R'n', A) is incompressible in M — C. We assume the contradiction: 
suppose that a component B of (j{Rn', A) is compressible in M — C. 

Step\^ Our next task is to show that there is a compressing disc for B which lies 
entirely in Kn+i — K^_2- Recall that {Pi} is the frontier- incompressible (rel C) 
exhausting sequence for M which is interlaced with {Ki}. Let S = frP„_i U frP„. 
The key technique is an application of Proposition and the incompressibility in 
Af - C of E. 



By Proposition 13. 61 there is a proper ambient isotopy / taking a{S:A) to the 
surface obtained from (t(S'; A) by compressing along a certain collection of discs. 
In particular, there arc disjoint collections of disjoint ordered discs £ and Q so 
that the discs of £ have boundary on cr(-R„; A) and the discs of Q have boundary 
on a{Rn-i; A) and the isotopy / takes (j[R'n', A) to (T(i?„; A U £) and (j{R[^_i \ A) 
to tT(i?„_i; A U Q). The notation a(Rn] A U f ) means the surface obtained from 
(T(i?„; A) by compressing along the discs of £ in the order given. Similarly, we write 
a{Rn-i; AL)Q) for the surface obtained from a{Rn-i; A) by compressing along Q. 
The surfaces a{Rn; A\J £) and a{Rn-i; AuQ) are disjoint. 

The discs £ have boundary on a(i?„; A) C (P„ — P„_i). As E is incompress- 
ible in AI — C the intersections of £ with S are inessential on S. Similarly, the 
discs of Q have boundary on (t(P„-i;A) C Pn-i and so Q intersects S in loops 
which are inessential on E. The surface B is taken by the isotopy / to a surface 
K which is a component of <7{Rn] Au£). Since B is compressible in M — C so is K. 
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Since the intersections of K with the incompressible (in il/ — C) E come from 
the intersections of £ with K, the loops K n S are inessential on both surfaces. 
There is, therefore, a sm'face K' C (P„ — -P„_i) which is obtained from K by 
cutting and pasting along the intersections if fl E. (Start with innermost discs of 
intersection on S and replace the corresponding discs of K with copies of the discs 
on E which have been pushed slightly into (P„ — P„_i).) As K is compressible in 
M — C, K' is also compressible in M — C. Since S is incompressible in Af — C 
there is a compressing disc F for K' which is contained in _P„ — Pn-i- Our goal is 
to use F to construct a compressing disc for K which is disjoint from <T(i?„_i; AUtJ). 

Since d£ consists of inessential loops on K' we may assume that dF n 9£ = 0. 
The disc F may intersect the discs £. It may also intersect the discs of Q in simple 
closed curves. Since each loop of F fl f is inessential on both F and £ we may, by 
cutting and pasting F along the intersections, obtain a compressing disc F' for K. 
Since both K' and £ were disjoint from a{Rn-i] AU^/), any intersections of the disc 
F' with the surface a{Rn-i; AuQ) occur because F' intersects Q in simple closed 
curves. These intersections are inessential on both F' and on (j{Rn-i; A U Q). We 
may cut and paste F' along these intersections to produce a compressing disc E 
for K which is disjoint from tT(i?„_i; AuG)- The disc E may intersect E, but that 
is not of concern. 

Reversing the isotopy / takes E to a. compressing disc D for B. D is con- 
tained in A'„+i. The disc D is disjoint from a{R'^_^; A) since E was disjoint from 
a{R„-i;Aug). 

Recall that we are trying to construct a compressing disc for B which is contained 
in Kn+i — Kn-2- Each disc of A which had boundary on R'^-i was disjoint from 
R'n-2 since no disc of A intersects S except at its boundary and the discs of A arc 
pairwise disjoint. Thus K^_2 is contained inside some component of a{Kf^_i; A). 
But since D is disjoint from a{R'^_i\ A) which is parallel to [h: a{K^_i\ A)), D can 
be isotoped so as to not intersect K^_2. Hence, there is a compressing disc D for 
B which is contained in Kn+i ~ Kn~2- 

Step^ The compressing disc D may intersect the surface S D (Kn+i — K!^_2)- By 
revising the disc D we may assume that no loops of Z? n are inessential on S. 
Replace D by an innermost disc, which we will continue to call Z?, that intersects S 
only on dD. By our construction D is now a compressing disc for S. The boundary 
of D may no longer be on S. D lies in either Wi or W2 and is completely contained 
in (A'„+i - Kl;_2). Recah that Wi = [{U ("1 Kn+i) - 7](^i) U f7(A2)] and that 
W2 = [{V n i^„+i) - 77(A2) U ?7(Ai)]. 

Step\^ Our goal is to use the disc D to construct a sequence L' ^ C such that 
Al' has lower complexity than A = A^. This will contradict our original choice of 
L. As mentioned in the remark preceding this proof, the strategy is to follow the 
outline of the proof of Casson and Gordon's Weakly Reducible theorem given in 
[Sc] . We will view as a Heegaard surface for Wi or 5*2 as a Heegaard surface for 
W2 depending on which side the disc D lies. In the Casson and Gordon theorem 
the two cases had identical arguments. Here, however, the relationship of Wi and 
W2 to Kn+i — Kq is not symmetric due to the asymmetry in the construction of 
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balanced submanifolds. We will briefly need to consider the two cases separately. 
We will eventually be able to combine arguments. 

Remark. Some care is needed when we consider 5*1 or S2 has a Heegaard surface, as 
S may contain spheres. This means that the comprcssionbodics wc are considering 
may not be irreducible. This docs not really affect the proofs as the only times 
we would want to use the irrcducibility of a compressionbody is when we isotope 
(in a compressionbody) one disc past another which shares its boundary. If S 
contains spherical components which get in the way of the isotopy, wc may first 
perform a surgery on the disc wc want to isotope so that the two discs with common 
boundary bound a 3-ball and then perform the isotopy. We will refer to this process 
as revising and isotoping the disc which, if S were irreducible, we would have 
merely isotoped. 

Suppose, first, that D lies in Wi. By pushing S slightly into W2 we can view 
as a Heegaard surface for the disconnected 3-manifold Wi. Si divides Wi into 
(disconnected) absolute comprcssionbodics U' and V' . Let V' be the absolute com- 
pressionbody containing S. See FigureEl The disc D is a compressing disc for dWi . 




Figure 6. 5*1 as a Heegaard surface for Wi. 



We can apply Hakcn's Lemma to obtain a compressing disc D' , a compressing 
disc for S in Vt^i, which intersects Si in a single loop and is such that dD' ~ dD. 
Wi C Kn+i by the definition of Wi, so D' does not intersect fri^„+i. The discs 
h A^_2 Etre in Ai and separate U. Thus no component of Wi intersects both 
fr/v,f_2 ^-iid fr/'Sr^_3. Hence, since dD is in Wi fl {Kn+i — the disc D' is in 

Kn+i — K^_^. Summarizing: D' is a compressing disc for S which intersects 5*1 in 
a single loop and is contained in K^+i — 

We now turn to the case when D C M^2- Push S slightly into Wi and view 5*2 
as a Heegaard surface for the 3-manifold W2 ■ The disc D is a compressing disc for 
dW2- Let [/' and V be the submanifolds of W2 into which S2 divides W2- U' is 
the submanifold which has S as its boundary. See Figured 

The discs of ir B^_2 ^-rc contained in A2 and separate V. Thus no component 
of W2 intersects both {Kn+i — K^_2) and intif^_2. The disc £) is a compressing 
disc for S C dW2 which is contained in a component of W2 disjoint from int K!^_2- 
Applying Haken's Lemma, we can replace D with a disc D' such that dD' = dD 
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Figure 7. 5*2 as a Hcegaard surface for W2. 

and D' intersects S2 in a single loop. Since D and D' are in the same component 
of 14^2, D' n mtK^_2 = 0. Summarizing: The disc D' is a compressing disc for S 
which intersects S2 in a single loop and is contained in Kn+i ~ 

Step\B Recall that 2 < g < (n - 3). We may now combine arguments. In the 
previous step, we showed that there was a compressing disc for S which is located 
in either Wi fl c\{Kn+i — Kq) or W2 n cl(if„+i — Kq). and intersects S'l or S2 
(respectively) in a single loop 7. We will now produce a sequence of slide-moves 
I such that the sequence of slide-moves L followed by I \s va. L and the such that 
the sequence L followed by / has lower complexity than L. This will contradict our 
choice of L. The difficult part of this step is nearly identical to Bonahon's proof of 
Proposition 13. II This is Proposition B.l of |Bon| . We include the proof here, be- 
cause we need to pay careful attention to the type of slide-moves which are required. 

Without loss of generality, suppose that £) is a compressing disc for S which is 
located in WiC\c\{Kn+i — Kq) and intersects Si in a single loop 7. (We were calling 
this disc D' in the previous step.) We continue to view Si as a Heegaard surface 
for Wi. Recall that V' denotes the compressionbody which is the region between 
S and Si and that U' is the closure of the complement of V' in Wi . See Figure 

We may assume that D is disjoint from the discs of Ai; it may, however, in- 
tersect the discs A2 (including the frontiers of some Bf (for q < i < n + 1). Let 
A denote the annulus DnV and D' the disc DOU' . Consider how A intersects A2. 

By an innermost disc argument we may assume that the annulus A intersects 
the discs of A2 entirely in arcs with both endpoints on 7. Let a be an outermost 
arc of intersection on A. Let b be the arc of 7 with endpoints da which intersects 
no disc of A2 . Let G be the disc of A2 such that a C G D A. Let c be an arc of dG 
which has endpoints da. The arc c, of course, may have other intersections with 7. 

Combining the subdiscs of A and G with boundaries aUb and a U c respectively 
and pushing off A2 a little, we obtain a compressing disc for 5*1 in V' which is disjoint 
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from the complete collection of discs A2 for V' . Thus 6Uc is a loop bounding a disc 
Q in <j{Si; A2). (We are not calling this surface S since we have pushed S into W2.) 

We now adapt Bonahon's proof of Proposition 13 . II to show that we can perform 
2-handlc slides of G over the discs of A2 which have boundary in Q and then revise 
and isotope D to remove all intersections of D with G (see remark in Step 5 about 
the term "revise and isotope"). When we compress Si along A2, the remnants of 
A2 show up as spots, some of which are in the interior of the disc Q. Each disc of 
A2 contributes two spots to <t{Si; A2). For each spot Fi from A2 which shows up 
in Q, excluding a possible spot coming from G, choose oriented arcs contained 
in Q joining G to the discs of A2 giving rise to those spots. If a disc of A2 produces 
two spots contained in Q then we have two oriented arcs joining G to that disc. 
Choose the arcs so that H A2 ~ dui and so that the {a^} arc pairwise disjoint. 
The arcs lie on Si and for each arc Ui we may perform a handle-slide of G over 
the the disc to which it is joined by a^. Continue calling this disc G. By performing 
these slides, we may have increased the number of intersections between dG and 
7. These handle-slides convert Q into a new disc as the arc c is changed by the 
handle-slides. We continue calling the disc Q. After these handle-slides Q contains 
no spots from A2 , except perhaps one coming from G. Revise and isotope D (rel 6) 
so that 7 has minimal intersection with dG. Suppose, now, that the disc Q contains 
a spot arising from G. Let Gi and G2 denote the two spots. Since they both arise 
from G we have that |7n9Gi| — |7n9G2|. Since any arc of 7 with both cndpoints 
on 9G2 would bound a disc in Si and could, therefore, be removed by revising and 
isotoping D, each arc of 7 with an endpoint on 9G2 also has an endpoint on dGi. 
However db C dGi and thus I7 n dGi \ = I7 H 9G2I -|- 2. This, however, contradicts 
the earlier equation and so the spot G2 cannot exist in Q. The disc Q, therefore, 
is now a disc in Si and we can revise and isotope D to remove the intersection a 
from D n A2. Since we have previously removed all other intersections, including 
the intersections introduced earlier, of c with dlS.2 we have decreased \D H A2I by 
at least one. Hence, by induction, we can remove all intersections of D with A2 by 
revising and isotoping D (rel dD) and handle-sliding A2. 

This produces a new disc set A2 which is disjoint from Ai U {£)'}. At the 
beginning of the process the curve 7 does not intersect any disc of b Kn+i U h Kq. 
The set of discs with boundary in R may contain discs that are associated to discs 
of hKn+i U fr A'q, but we were able to choose our sliding arcs so that they only 
intersected the discs of iiKn+i U h: Kq in at most one endpoint. The only slides 
we performed were of the disc G over other discs, and since 7 intersected G, G 
was not a disc of h Kn+i U fr i^Tg. Furthermore, since the discs of Ai show up as 
spots on Si it is easy to arrange these slides to be relative to Ai. Thus, these 
handle-slides are of the sort allowed in sequences in C. Let I denote the sequence 
of these handle-slides followed by the slide-move (M2) where we add the disc D' to 
Ai. The sequence of slide-moves consisting of L followed by I does, therefore, give 
us a sequence of slide-moves in the collection C. As D was a compressing disc for 
5" this sequence of slide-moves has lower complexity than our original choice from 
L. This, however, contradicts our initial choice L to be such that the complexity of 
cr(5 n Kn+i] A) was minimal. The contradiction arises from our assumption that 
B is compressible: therefore, B is incompressible in M ~ C. 
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^tepQ Recall that {Ki} is our balanced exhausting sequence adapted to S which 
is interspersed with a frontier-incompressible (rel C) exhausting sequence. Let qn = 
5n for n > 2. We have shown how to replace Kq^ with a balanced submanifold C„ = 
r]{A'^ U B'^) which contains Kq^^^. The sequence {C„} is a balanced exhausting 
sequence adapted to S. In the construction of each C„ we also constructed a 2- 
sided disc family A so that (7{c\{dsBj^ — SsA^); A) is incompressible in M ~ C. 
Let An denote those discs of A with boundary on cl{dsB'n — dsA'^)- Note that 
A„ is disjoint from A.; for all i < n. Let = U,iA„. is a 2-sided disc family 
for S where each disc of ^ has boundary on the frontier of some C„. When we 
compress yjc\{dsB'^ — dsA'^) along we obtain surfaces which are incompressible 
(rel C). □ 



5.3. The Proof of Theorem |57TJ Recah that M is end-irreducible rel C D dM 
and that f/ U5 is an absolute Heegaard splitting for M . 

Proposition 5.3. M has a frontier-incompressible (rel C) exhausting sequence 
which is adapted to S . Furthermore, V intersects the frontier of each element of 
the exhausting sequence in discs. 

Proof. Let {d = r]{A[ U B[)} be the balanced exhausting sequence guaranteed by 
Proposition 15.21 By the construction of balanced submanifolds, V intersects each 
fr Ci in discs. 

Proposition 15.21 guarantees the existence of a 2-sided disc family ^ for S such 
that Ui(frA^ U fri?,') C ^' and each a[c\{dsB[ - dsA'^);'^) is incompressible in 
M — C. Let ^1 f^U and ^'2 = f^V. We may use the product region between 
(frCi — (fr U fri?i)) and dsB[ — dsA'^ to extend the discs in ^'2 with boundary 
on {dsB[ — dsA'j) to have boundary on frC^. 

If we boundary-reduce Ci along ^2 and add the 2-handles r]{^i) to frCi we end 
up with a new submanifold d of M. By construction, the discs of with bound- 
ary on fr Ci are disjoint from frCi_i U frC^+i. Hence, Ci is contained in a single 
component of Ci+i and so M — UCi. Let Ki be the component of C2 containing 
C and, for each n > 1, let /v„ be the component of Cn+i containing C„. Since 
Cn C Kn the sequence {Kn} is an exhausting sequence for M. Since the frontier of 
each Ki is incompressible in M — C, the sequence {Ki} is frontier-incompressible 
rel C. 



When we boundary-reduce Ci along ^'2 we are boundary-reducing Ci along dis- 
joint discs which each intersect the relative Heegaard surface S D Ci in a single 
simple closed curve. By Haken's Lemma fLemma 14. 9|) . the resulting submanifold 
still has its intersection with S a relative Heegaard surface. When we add the 2- 
handlcs ^'i to frC^ we are adding 2-handles to d-{U n Ci). Hence, the resulting 
submanifold still has a relative Heegaard splitting coming from its intersection with 
5, apart from the introduction of 2-sphere components to d-[U fl Ci). If there are 
any, we may add to U Ci Ki the 3-balls bounded by those 2-spheres in U. After 
we have added these 3-balls, {Ki} is a correctly embedded exhausting sequence. 
Therefore, {Ki} is adapted to S. Since the sequence is also frontier- incompressible 
(rel C) the proposition is proved. □ 
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We now embark on proving that there is a frontier-incompressible (rel C) ex- 
hausting sequence for M which is adapted to S and has properties (WPl), (WP2), 
(WP3); and (WP4) in the definition of "well placed exhausting sequence". 

Lemma 5.4. Let {Ki} he a frontier-incompressible (rel C) exhausting sequence 
for M which is adapted to S. Suppose that V intersects irKi in discs for each i. 
Then after taking a subsequence of {Ki} and performing a proper ambient isotopy 
of Ui fr Ki we may arrange that V intersects each component of each fr Ki in a 
single disc. Additionally, {Ki} has the outer collar property. 

Proof. Begin by taking a subsequence of {Ki} such that {Ki} has the outer collar 
property. Let K = Kj (for j > 2) be an element of this revised exhausting sequence. 
Suppose that i? is a component of ir K such that |F n i?| > 2. We will describe an 
ambient isotopy of ii K which is the identity outside of cl(/Cj+i — Kj-i) to reduce 
the number of components of \B D V\ by one. We may then perform this ambient 
isotopy on each element of {K2i} as needed in order to arrange that V intersects 
each component of fr K2i in a single disc. The union of these isotopies is a proper 
ambient isotopy of {K2i}. After performing this isotopy, it will be clear that {K2i} 
still has the outer collar property. 

Let B' = U D B. Since V Ci B consists of discs, B' is connected and has at 
least two boundary components. B' makes up part of the frontier of the relative 
compressionbody K CiU. B' is a component of 9_ {K D U) since {Ki} is a correctly 
embedded exhausting sequence. Since {Ki} has the outer collar property, there is 
a product region P = B' x I which is embedded in cl((A" — (Kj^i) n U)) such that 
B' = B' X {0} and B' x {1} is a subsurface of S' fl ii' except at a finite number 
of open discs S. Choose an arc a C B' x {1} so that a D d{B' x {1}) = da, a 
joins different components of d{B' x {1}), and a is disjoint from the discs 5. Let 
D = ax/cPso that a = ax{l}. Disan embedded disc in P such that dD is 
composed of two arcs, one on B' and one on 5 n K . Isotope B n rj{D) across the 
disc D. After this isotopy, the number of intersections _B n 5 has been reduced by 
one. 

We now inspect the effect of this isotopy on F n K and U \^ K. In y n A' we 
have changed d-V by banding together two discs. Since V r\ K was a relative 
compressionbody with d- {V n K) consisting of discs, we have not changed the 
homcomorphism type oiVC\K, we have changed only the preferred surface. 

The effect of the isotopy on [/ n A' is to replace B' x I with C x I where C" 
is the surface obtained from B' by removing a neighborhood of an arc joining two 
components of dB' . Clearly, U OK is still a relative compressionbody with preferred 
surface SDK. Furthermore, the presence of the product region C x I shows that 
the sequence {A',} still has the outer collar property. The isotopy we have described 
is the identity outside of A'j+i — Kj-i. □ 

Proof of Theorem \5.1\ Take the exhausting sequence {Ki} given by Lemma 15.41 
The only properties we have left to achieve are (WP2) and (WP4). We now prove 
that we have, in fact, already achieved (WP2) and that we can achieve (WP4) 
without ruining the others. 
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Suppose that B is some component of fr Ki such that B DU has a compressing 
disc D which is contained in U . Since Ki n J7 is a relative compressionbody and 
{B nU) C d^{Ki n [/), the compressing disc D must be on the outside of Ki. The 
curve dD bounds a disc E C B since B is incompressible in M — C and C C K. 
Since Z? is a compressing disc for B D U, the disc E is not contained in B f) U. 
Thus {V n B) C E. Forming K'^ by adding ri{D) to Ki cuts S into two surfaces: 
B' which is homeomorphic to B and B" which is a 2-sphere. Note that both B' 
and B" are components of dK'^. The surface B' is contained in U and the sphere 
B" intersects V in a single disc. 

Since B was incompressible in M — C and B' was obtained from B by cutting 
off a 2-sphere, B' is also incompressible in M — C. The surface B' C U is closed 
and incompressible in U. Hence, B' is parallel to a component oi d-U C dM . 
This product region has boundary consisting of two components both of which are 
components of dK[. Thus the product region is actually K[. But B" is also a 
component of dK[^ so this is a contradiction. Hence, Br\U is incompressible in U . 
Thus {Ki} satisfies (WP2). 

Finally, we need to achieve (WP4). Suppose that c\{M — Ki) has a compact 
component L. There is some Kn so that every compact component of cl(A'/ — Ki) 
is contained in Kn- By Corollary 13. 51 U D L and VOL are relative compression- 
bodies. Since there are no closed components of d-{U fl L) or d-{V fl L), both 
are also handlebodies. Let Q = L n ifi. Q fl J7 is an incompressible surface in U 
which makes up part of d-{U n Ki). Choose a collaring set of discs 5 for U r\Ki. 
Boundary-reducing Ki fl U along 5 leaves us with components homeomorphic to 
(Q n C/) X /. Let L' = (L n [/) U ((Q n ?7) X /). This does not change the homeo- 
niorphisni type of L fl J7, so L' is a handlebody. We may now reassemble Ki n [/ by 
attaching 1-handles corresponding to the discs 5. When we do this, we arc attach- 
ing the handlebody L' to the d+ of a relative compressionbody and so the result 
is a relative compressionbody with preferred surface S C\ {{Ki n C/) U L'). Since V 
intersected each component of B in a single disc, ^ fl L is a handlebody and so 
V n {Ki U L) is also a relative compressionbody with preferred surface S fl ( A'l U L) . 

Thus, if we include each compact component of cl(A/ — A'l) into A'l to form K[ 
we still have a relative Heegaard splitting K[ ~ {U r\ K[) Usn^r; ri K[). Assume 
that we have defined Kj for j > I. There exists an rij so that K'j C Kn^- Let Kj_^_^ 
be the union of Kn^ and all of the compact components of cl(Af — Kn^)- By the 
previous argument, S gives a relative Heegaard splitting of Kj^i. In such a way 
we obtain an exhausting sequence {K'^} for M with property (WP4). It is clear 
from the construction that {K'^^} is, in fact, an exhausting sequence well-placed on 
S. □ 

Remark. Theorem 15 . II tells us that there is a frontier-incompressible (rel C) ex- 
hausting sequence {Ki} for M such that each Ki inherits a relative Heegaard split- 
ting from UUs V. If for some j > 2 each component of cl(i^j+i — Kj) intersects Kj 
in a connected surface, then examining the structure of the absolute Heegaard split- 
ting of Kj^i induced by the relative Heegaard splitting coming from 5', shows that 
this absolute Heegaard splitting is obtained by amalgamating Heegaard splittings 
of Kj and each component of cl(A'j-|_i — Kj). 
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6. Heegaard Splittings of Deleted Boundary 3-Manifolds 
6.1. Introduction. 

Definition. A 3-nianifold M is almost compact if there is a compact 3-manifold 
M witli non-empty boundary and a non-empty closed set J C dM such that M 
is homeomorphic to M — J. If J is the union of components of dM then M is a 
deleted boundary manifold. 

Let M be a deleted boundary manifold obtained from the compact manifold 
M by removing the union J of boundary components. By removing an open col- 
lar neighborhood of J from M we obtain a compact manifold C which resides in 
M. The closure of A/ — C is homeomorphic to J x R+. Since J is the union of 
components of dM, J is a closed, possibly disconnected, surface. M is obviously 
end-irreducible (rel C) and dM C C. We will also assume that dM contains no 
spherical components, but, except where noted, J may have spherical components. 
If I J| > 2 and if at least one component is a sphere, M has Heegaard splittings which 
have infinitely many properly embedded reducing balls but not end-stabilized. The 
following definitions (which make sense even when M is not a deleted boundary 
3-manifold) assist the classification in this case. 

Definition. Let e be an end of M represented by non-compact submanifolds {Wi} 
such that cl(VFi) is non-compact, W^+i C Wi for all i, and M = U(M — Wi). A 
Heegaard splitting M ~ UUsV is e-stabilized if for each i there is a reducing ball 
for S contained in Wi. Recall that M is infinitely-stabilized if it is e-stabilized 
for some end e and end-stabilized if it is e-stabilized for every end e. 

The notion of being e-stabilized is a proper ambient isotopy invariant, as the 
next lemma shows. 

Lemma 6.1. Suppose that S and T are Heegaard surfaces for M . If there is an 
end e of M such that S is e-stabilized but T is not then S and T are not properly 
ambient isotopic. 

Proof. This follows directly from the fact that including a Heegaard surface into 
M induces a homcomorphism on ends fProposition 12. 2|) and that proper ambient 
isotopies fix each end of a manifold. □ 

Definition. Suppose that Us Us Vs and Ut Ut Vt are two absolute Heegaard 
splittings of M. Then they are approximately isotopic if for any compact set C 
there are proper ambient isotopies of 5* and T so that S f) C ^ T f] C. 

The goal of this section is to completely classify Heegaard splittings of AI up to 
proper ambient isotopy and up to approximate isotopy. In particular, if J contains 
no spherical components, M has, up to proper ambient isotopy, exactly one Hee- 
gaard splitting and that splitting is end-stabilized. 

The following three theorems provide key ingredients in the classification. 

Theorem 6.2 (Reidemeister-Singer). After finitely many stabilizations, any two 
absolute Heegaard splittings of a compact 3-manifold which have the same partition 
of boundary are ambient isotopic. 

The next is a version of Theorem 2.1 of |FrM| . A proof is provided in the 
Appendix. 
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Theorem 6.3 (Frohman-Meeks). Any two end- stabilized absolute Heegaard split- 
tings with the same partition dM are properly ambient isotopic. Any two infinitely- 
stabilized Heegaard splittings with the same partition ofdM are approximately iso- 
topic. 

The following is the most involved result of this seetion. Its proof uses Scharle- 
mann and Thompson's classification of splittings of (closed surface) x /. 

Let Wi, . . . , Wn denote the components of cl(A/ — C) and let Xi, . . . , X„ denote 
the components of J so that Wi is homeomorphic to X; x . Let ei, . . . , e„ denote 
the ends of AI corresponding to Wi, . . . , Wn respectively. 

Theorem 6.4. Let S be any Heegaard surface for M. IfSClWi is of infinite genus 
then S is Ci- stabilized. Furthermore, if Xi is not a sphere SClWi is of infinite genus 
and, therefore, S is ei- stabilized. 

The promised classification is contained in the following propositions. The proofs 
of these propositions use Theorem l6.4l to give information about stabilizations and 
then appeal to Frohman and Meeks' theorem for the existence of the desired iso- 
topies. 

In Section[51 it was explained how to obtain finite genus splittings of non-compact 
3-manifolds: remove some finite number of closed balls from a compact 3-manifold. 
All such 3-manifolds are deleted boundary 3-manifolds. One consequence of Theo- 
rem is that these are the only deleted boundary 3-manifolds with finite genus 
Heegaard splittings. All others have only infinite genus splittings and we can clas- 
sify them up to approximate isotopy and up to proper ambient isotopy. 

The following propositions provide the classification. Recall that AI ~ M — J is 
a deleted boundary 3-manifold: 

Proposition 6.5. Suppose that J consists of 2-spheres and that M' is obtained 
from M by attaching 3-balls to J . Then, up to proper ambient isotopy of M , any 
finite genus Heegaard surface in M is the intersection of a Heegaard surface for M' 
with M . The Heegaard surface in M' intersects each attached 3-ball in a properly 
embedded disc. If two such splittings of M' were isotopic then the resulting splittings 
of M are properly ambient isotopic. 

Proposition 6.6. Suppose that S and T are infinite genus Heegaard surfaces for M 
whose splittings have the same partition of dM. Then S and T are approximately 
isotopic. 

Proposition 6.7. Suppose that S and T are infinite genus Heegaard surfaces for 
M with the same partition of dM. Consider the following condition: 

(*) For each i, S Ci Wi has infinite genus if and only if T D Wi is of infinite 
genus. 

Then (*) holds if and only if S and T are properly ambient isotopic. 

Proposition 6.8. // no Xi is a 2-sphere then any two Heegaard splittings of M 
with the same partition of dM are equivalent up to proper ambient isotopy. 

Before we prove the theorem and the classifications, we review a technique devel- 
oped by Scharlemann and Thompson |ScTh2| which was inspired by work of Otal. 
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We also need to review the classification of Heegaard splittings of G x / where G 
is a closed surface. 

6.2. Edge-Slides of Reduced Spines. 

Definition. Suppose that Q is a compact S-manifold and that E is a finite graph in 
Q such that S intersects dQ in valence one vertices. Let B denote the components 
of dQ which intersect S. If c\{Q — rj{B U S)) is a compressionbody then S is a 
reduced spine. 

Choose an edge e C S and a path 7 C dQ U S with 7 beginning at an end- 
point of e but otherwise disjoint from e. An edge-slide of e over 7 replaces e 
with the union of e and a copy of int(7) pushed slightly away from S U -B. See 
|SaScSchl IScThll IScTh2j for more detail. Edge slides give isotopies of the surface 
S = {B — mt{T](T,))) U d'qiTj). Conversely, an isotopy of a Heegaard surface can be 
converted into a sequence of edge-slides and isotopies of a reduced spine for one of 
the compressionbodies. The correspondence between edge-slides of reduced spines 
and isotopies of the Heegaard surface will be useful for the proof of Theorem 16.41 
The reason that this viewpoint is helpful is that if Q is a compact submanifold of a 
non-compact manifold and if (9(3 — int (77(E))) U 977(1]) is part of a Heegaard surface 
S for M then the isotopies described by edge-slides in Q of E are fixed off a regular 
neighborhood of Q and so describe a proper isotopy of S. 

To increase the genus of the Heegaard surface obtained from the reduced spine, 
we may stabilize a reduced spine by choosing an edge e C E. The edge e is home- 
omorphic to [0, 1] and, choosing some homeomorphism, let e' denote the subarc 
[|, |]. Introduce new vertices on e at |; and | and push the interior of e' slightly 
off of e to form a new edge e" with endpoints on e at the vertices ^ and |. The 
new edges e" and e' of S bound a disc D whose interior is disjoint from E. The 
induced Heegaard splitting is stabilized in the usual sense as the boundary of the 
disc D intersects a meridian disc of 77(E) exactly once. 

The final lemma of this section produces a reduced spine for (surface) x / with 
particular properties. The spine gives rise to a relative version of a standard split- 
ting of (surface) x /. 

Lemma 6.9. Let G be a closed surface of positive genus. Let G' and G" be the 
surfaces Gx {j} and Gx{|} in Gx L . Let n be an fixed integer bigger than or equal 
to twice the genus of G. Let Pq = G x [0, j]. Then there is a connected reduced 
spine E = E(G,ri) in G x I such that E intersects both boundary components of 
G X I , Yi intersects Pq in a vertical arc, the rank o/i?i(E) = n, and dri(T,) is a 
relative Heegaard surface for G x [j, 1]. 

Proof. Consider Q' ~ {G x [r^, ^]) — {ri{* x [j^, ^])) where * is a point on G. 
Then Q' is a handlebody of genus twice the genus of G. Choose genus(G) loops L 
based at a point b € intQ' which represent generators of Tri{Q',b). Let a be the 
arc b X I 'm G X L and assume, by general position, that the interior of each loop of 
L is disjoint from a. Since dQ' is a Heegaard surface for G x L, d{Q' U rj{a)) is a 
relative Heegaard surface for G x I. Stabilize the reduced spine E enough times so 
that the rank of its first homology is n. Be sure that the stabilizations take place 
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in the interval [-j, !]■ Then a U L is a reduced spine for G x I satisfying the desired 
properties. □ 

6.3. Heegaard Splittings of (closed surface) xl. Scharlemann and Thompson 
classified Heegaard splittings of G x /, where G is a closed connected surface. In 
Theorem 6.1 of |ScThl| they give a way of interpreting their classification in terms 
of edge slides of spines (reduced or non- reduced). The following are the versions of 
their results which we will need. 

Theorem 6.10 (Scharlcmann-Thompson jScThlj ). Suppose that E and ^ are con- 
nected reduced spines for G x I which intersect both boundary components of G x I 
and whose first homology groups have the same rank. Then there is a finite sequence 
of edge-slides and isotopies taking S io 'J. 

Theorem 6.11 (Scharlcmann-Thompson |ScThlp . If a Heegaard splitting ofGxI 
has both boundary components of G x I contained in the same compressionbody and 
if the splitting surfaces has genus greater than twice the genus of G then the splitting 
is stabilized. 

6.4. The proofs. Before beginning each proof, the theorem or proposition has 
been repeated for the convenience of the reader. 

Theorem 6.4. li S r\Wi is of infinite genus then S is e.i-stabilized. Furthermore, 
if Xi is not a sphere S r\Wi is of infinite genus and, therefore, S is Ci-stabilized. 

Proof of Theorem \6.4\ Since M is end-irreducible (rel G) and dM C G, Theorem 
15.11 guarantees that there is an exhausting sequence {Kn} which is well-placed on 
S. In particular, fv Kn is incompressible in Af — G and no component of cl(M — Jsr„) 
is compact. Recall that Wi is a component of cl(Af — G) and is homeomorphic to 
Xi X R+ where Xi is a closed connected surface. For each n, the surface fr KnHWi is 
an incompressible surface in Wi. Furthermore, as H2{Wi, dWi) = and cl(M — if„) 
has no compact components, fr A'„ n Wi is connected and is not a 2-sphere which 
is inessential in Wi. 

Lemma 6.12. For each i and for each n the submanifold cl(if,i+i — Kn) H Wi is 
homeomorphic to Xi x I . 

Proof. The proof is well-known, but we include it for completeness. Let F = 
fri^n+i n Wi. F is incompressible in Wi. Let Nn = cl(/i„+i — Kn) n Wi. Suppose 
first that Xi = S^. In this case, F is also homeomorphic to S^. As F is essential 
it does not bound a ball in Wi. By [Brl Theorem 3.1], Nn is homeomorphic to S*^ xl. 

Now suppose that Xi ^ S'^. As Wi is irreducible, F ^ S'^. The inclusion 
map of F into iV„ induces an injective map on fundamental groups. Since Wi is 
homeomorphic to Xi x M^, each loop in Nn with basepoint on F is homotopic 
(rel basepoint) to a loop outside of Nn. Hence, each loop is homotopic into F. 
Thus the inclusion of F into Nn induces an isomorphism of fundamental groups 
and, so by the h-cobordism theorem [Hel Theorem 10.2], Nn is homeomorphic to 
F X L A similar argument shows that the submanifold bounded by Xi and F is 
homeomorphic to F x I and so F is homeomorphic to Xi. □ 

Fix some i. Let W = c\{Wi — K2). We will show that there is a subsequence 
of {Kn} and a proper ambient isotopy of S which is fixed off cl{Wi — Ki) so that 
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either W n c\{Kn+i - K„) is homeomorphic to 5^ x / and 5 n n cl(i^„+i - Kn) 
is a genus relative Heegaard surface or S {^W f] cl(ii'„+i — Kn) is a stabilized 
relative Heegaard surface oiW r\ c\{Kn+i ~ Kn). 

We deal first with the case when Xi ~ S^. Let iV„ — W (1 cl(A'„+i — A'„) for 
each n > 2. 

Lemma 6.13. If Xi = 5^ then S H Nn is a relative Heegaard surface for Nn- 

Proof. Recall that for each n, fr Kn fl is an essential 2-sphere and, by property 
(WPl) of well-placed exhausting sequences, V fl (frif„ fl W) is a single disc. This 
implies that U n (fr A'„ n W) is a single disc. Thus, for each n > 2, [/ fl Nn is a 
relative compressionbody with preferred surface S H Nn- Similarly, for each n > 2, 

V n Nn is a relative compressionbody with preferred surface S n Nn- Thus S n Nn 
is a relative Heegaard surface for Nn- □ 

By Lemma [6.121 Nn is homeomorphic to S"^ x /. By the classification of Hee- 
gaard splittings of 5*^ X /, if n Nn has positive genus, there is a reducing ball for 
S n Nn which is contained in Nn- li S r\Wi is of infinite genus, there are infinitely 
many n so that S n Nn is of positive genus, and hence S is Ci-stabilized. If 5 n Wi 
is of finite genus, we can take a subsequence of {Ki} so that S fl Nn has genus 0. 
This concludes the case when Xi = - 

Suppose, for the remainder, that Xi is a closed orientable surface of positive 
genus g. We do not begin by supposing that Sr\Wi is of infinite genus but, rather, 
draw that as our first conclusion. 

Recall that since {Kn] is well-placed on S*, V intersects each fr Ar„ fl is a 
single disc. Let Nn = W C\ cl(i^„+i — Kn) for each n > 1. Since {Kn} is well- 
placed on S the sequence {Kn} has the outer collar property with respect to U- 
This means that in each U fl A^^ there is a collection of discs (5„ with boundary on 
S n Nn so that a[U fl 7V„; 5n) has a component which is (fr A'n+i n J7 fl Nn) x /. 
The frontier of Kn+i n C/ n iV„ is (fr A:„+i n C/ n Nn) x {0}. On the other hand, 
(fr Ar„+i n f n 7V„) x {1} is a subsurface of S except at the remnants of 5n- Since 

V n Nn n fr Ar„+i is a single disc and since fr AT^+i n Nn is homeomorphic to Xi, 
the surface fr Kn+i n 7V„ fl C/ is homeomorphic to Xi with a single puncture. As 
has positive genus 5, the surface (t{S fl 7V„;(5„) has positive genus, and, therefore, 
SnNn has positive genus for all n > 1. This implies that S DW has infinite genus. 

Take a subsequence of {Kn} so that the first two terms of the new exhausting 
sequence are still Ki and K2 but so that the genus of 5 fl cl(Ar„-|_i — Kn) n is at 
least 3.9 for n > 1. We continue referring to c\{Kn+i — Kn) DW a,s Nn- 

Fix some n > 2 and let N = Nn- By Lemma r6.12l N is homeomorphic to Xi x /. 
Let _Fo = Kn H N and Fi — ir Kn+i H N. V intersects Fi in a single disc Di for 
i € {0, 1}. Since {Ki} has the outer collar property with respect to U, there is a 
collection of boundary-reducing discs Sq for U n Kn fl W with boundary on 5* and 
such that a{U fl Kn n VF; 60) contains a component Pq^ with boundary containing 
FqDU and which is homeomorphic to {Fq DU) x I. Since S is the preferred surface 
oi U n Kn, there is a copy of I?^ x / embedded in V so that x {0} ^ V D Fq 
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and dD'^ x I = S n . Let Pq be the union of P^ and this x /. Note that Pq 
is homemorphic to Fq x /, has Fq as a boundary component, and has V running 
through Pq as the neighborhood of an arc which is vertical in the product structure. 
Let F^ = dPo - Fo. 

We can perform a similar construction on -ftTn+i to obtain, embedded in Nn, a 
submanifold Pi homcomorphic to Fi x /, with dPi = FiU F[ and V C^Pl & neigh- 
borhood of a vertical arc. Let N' = N \J Pq and N" = c\{N' - Pi). Note that N' 
and N" are homcomorphic to Xi x /, since Fq, Fi, Fq, and F[ are all homcomorphic 
to Xi. See Figure IHl 




, Pi 



K„^ K„+r 

I I I I 

N„ 

Figure 8. A schematic representing N. 

Let be a spine for V in M which intersects each surface Fq, Fq, F[, Fi ex- 
actly once and which is a vertical arc in Pq and Pi. Let Ss = '^v H N'. Note 
that E5 is a reduced spine for a Heegaard splitting of N". To see this, recall that 
Un{Kn+i-Kn) is a handlebody (CoroUaryEH) and notice that N" -T]{EsLldN') 
is homcomorphic to U D (A'„+i — Kn). We wish to show that after a proper ambi- 
ent isotopy of S which is the identity off of ri{N'), SDN is a Heegaard surface for N. 

Choose a connected reduced spine St for a Heegaard splitting of TV" such that 
St intersects Pq in a vertical arc, the rank of Hi(T,t) is the same as the rank of 
i^l(Ss), Et n F{ 7^ 0, St n Fq 7^ 0, and dr]{ET) is a hollow Heegaard surface for 
N. Such a spine exists by Lemma Ft). 91 We call St the model spine. 

By the Scharlcmann-Thompson classification of Heegaard splittings of (surface) x 
I f Theorem I6.10|l since S5 and St are both reduced spines with first homologies 
of the same rank and since they have the same partition of dN" there is a sequence 
of edge-slides and isotopies which takes Sg to St- It is easy to arrange these slides 
to be away from SqU 61. The sequence of edge slides thus describes an isotopy of 
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the surface S fl r][N"). By the choice St, we have that after the isotopy, S* n iV is 
a relative Heegaard surface of genus at least 2>g for TV'. 

The next corollary follows from our work so far; it is a technical result which 
will be useful for the classifications. 

Corollary 6.14. // Xi is a closed surface of positive genus then after a proper 
ambient isotopy of S which is supported on a neighborhood ofW- = c[{M — Ki)r]Wi 
we have that S fl A'l is the same before and after the isotopy and afterwards S fl W^ 
is a relative Heegaard surface for W/. 

Proof. Perform the isotopy just described so that = cl{K2 — Ki) inherits a 
relative Heegaard splitting from S. This isotopy is fixed off a neighborhood of W/ = 
c\{M — Ki)r)Wi and SOKi is the same before and after the isotopy. Since N2 C W/, 
there are now discs in C/nVK/ with boundary on S so that boundary reducing U nW/ 
along those discs leaves a component homeomorphic to (fr W/nC/) x /. Since VnWl 
is a disc we have that U fl VK/ and V fl Wl are relative compressionbodies with 
preferred surface S fl W/. Thus, S n W/ is a relative Heegaard surface for ]¥[. □ 

We now continue the proof of Theorem 16.41 For each even n, perform this 
ambient isotopy on iV„. By construction, the union of these ambient isotopies is 
a proper ambient isotopy of S* n M^^. After the isotopy, for each even n, S O iV„ 
is a relative Heegaard surface of genus at least 3.g for a space homeomorphic to 
Xi X / where the genus of Xi is g. By the Scharlemann-Thompson classification of 
splittings of (surface) x / fTheorem l6.11|l . there is a reducing ball for S in each Nn 
for n even. Hence S is Ci-stabilized. This concludes the proof of Theorem 16.41 □ 

Proof of Classification. 

Proposition 6.5. Suppose that J consists of 2-spheres and that M' is obtained 
from M by attaching 3-balls to J. Then, up to proper ambient isotopy of M, 
any finite genus Heegaard surface in Af is the intersection of a Heegaard surface 
for M' with M. The Heegaard surface in M' intersects each attached 3-ball in 
a properly embedded disc. If two such splittings of M' were isotopic then the 
resulting splittings of M are properly ambient isotopic. 

Proof of Provosition 1 6'. 51 Suppose that UsUsVs a-nd Ut^tVt are both finite genus 
Heegaard splittings of AI. Let M' be the compact 3- manifold obtained from M by 
removing only the interiors of the 3-balls whose removal created Al . 

There is an exhausting sequence {Ki} for M which is well-placed on S and an 
exhausting sequence {Li} which is well- placed on T. We may assume that Ki and 
Li are homeomorphic to M' and that S fl (M — Ki) and T n (M — Li) have genus 
zero. The frontiers of the exhausting elements are essential spheres in x M+ so, 
after taking a subsequence of each, there is a proper ambient isotopy of M which 
takes fr Li to fr Ki for each i and so that Vs n fr Ki equals V5 n fr Lj. 

Let Nn = cl(/C„+i — Kn). By Lemma [6.131 each component of Nn inherits a 
genus zero relative Heegaard splitting from S and also from T. By Waldhausen's 
classification of splittings of S*^ x J, there is a proper ambient isotopy taking S fl Nn 
to TnNn which is fixed on fr The union of these isotopies over all n is a proper 
ambient isotopy of M taking S fl cl(A/ — A'l) to T n c\{M — A'l). In particular, 
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we may assume that Sr\cl{M—Ki) and Tnc\{M —Ki) are vertical amiuli in ^'■^ xM-(-. 

When we compactify M to M, S'ncl(M- A'l) and Tnc\{M -Ki) compactify to 
compact annuU. Vs n cl(M - Ki) = Vr n c\{M - Ki) compactifies to V' ^ D'^ x I. 
Let Vg and be the compactificd versions of Vs and Vr respectively. Attach the 
3-balls to M to create M' and let U'g = cl(M' - Vg) and Ufp = cl(M' - l^). It is 
clear from the construction that Ug, Ufp, Vg and are absolute compressionbodies 
and that the splittings Us Us Vs and Ut Ut Vt are obtained from splittings of M' 
in the correct fashion. 

Furthermore, if we remove the open 3-balls from M to create M' we can extend 
the splittings Ug Us Vg and U!p Ut V^ of M to be relative Heegaard splittings of 
M'. By the Marionette Lemma the relative Heegaard splittings of M' are isotopic 
if and only if the absolute splittings of M are isotopic. If the splittings of M' are 
isotopic then since Ki is homeomorphic to M' , the surfaces fl i^i and TnKi are 
isotopic. Thus, since we already have S n cl(M — Ki) = T D cl(M — Ki) we can 
arrange by a proper ambient isotopy for S to be equal to T. □ 

Proposition 6.6. Suppose that S and T are infinite genus Heegaard surfaces for M 
whose splittings have the same partition of dM . Then S and T are approximately 
isotopic. 

Proof of Provosition \6.f)\ If S and T have infinite genus then S HWi and T n Wj 
have infinite genus for some i^j. Since each Wk is homeomorphic to Xk x / where 
Xk is a closed surface, Theorem 16.41 shows that S must be ei-stabilized and T 
must be -stabilized. Theorem 16.31 then shows that S and T are approximately 
isotopic. □ 

Proposition 6.7. Suppose that 5* and T are infinite genus Heegaard surfaces for 
M with the same partition of dM . Consider the following condition: 

(*) For each i, Sr\Wi has infinite genus if and only if Tr\Wi is of infinite genus. 
Then (*) holds if and only if S and T are properly ambient isotopic. 

Proof of Proposition \ (j. 7| The proof of Lemma |6. II can be adapted to show that if 
S and T are properly ambient isotopic then (*) holds. 

Suppose, then, that S and T satisfy (*). We desire to show that S and T are 
properly ambient isotopic. Using ProDOsition l6.6l we will be able to enlarge C to a 
compact set C" such that (after performing proper ambient isotopies of S and T) 
C" has the following properties: 

(1) cl(Af — C") is homeomorphic to UXi x M+ 

(2) snC = TnC' 

(3) Vs n fr C" = Vt n fr C" and each of these consists of a single disc on each 
component of frC". 

(4) For each = cl(M — C) CiWi where S and T are of infinite genus, the 
surfaces S n and T n are relative Heegaard surfaces for VK/. 

(5) For each where S and T are not of infinite genus, the surfaces S fl 
and T fl W/ are of genus zero. 

The way to achieve this is to take an exhausting sequence {Ki} for M which is 
well-placed on S such that in each component of cl(M — Ki) S and T are both 



48 



SCOTT TAYLOR 



of either infinite genus or of genus zero. Then use the fact that S and T arc ap- 
proximately isotopic to isotope them so that S n Ki = T D Ki. Let C" = Ki. 
If a certain Xi is not a 2-sphere, CoroUarv l6.14l guarantees that a further proper 
ambient isotopy of S and T can be performed which is supported on a neighbor- 
hood of Wl = cl(M - C") n Wi so that after the isotopy SCiC stiU equals T n C" 
but we now have property (4) in addition to property (3) for that W/. In the case 
when Xi = S'^, S and T automatically give relative Hcegaard splittings of Wl as 
d-{U n W[) and d-{V n can be taken to be the discs U n X; and V n Xi 
respectively. 

For each Wl in which S and T are of infinite genus, Theorem 16.41 guarantees 
S nWl and T n Wl are infinitely stabihzed. Since Wl is 1-ended, Theorem |0 
guarantees that the absolute Hcegaard splittings of Wl induced by S" n Wl and 
T n Wl arc equivalent by a proper ambient isotopy in VK/. By the Marionette 
Lemma, S n W/ and T n VF/ are properly ambient isotopic within W/. For each 
Wl where S and T are of genus zero, the fact that S and T are properly ambient 
isotopic in Wl follows from Proposition 16. 51 

Since in each component of cl(A/ — C") there is a proper ambient isotopy of S 
and T in that component so that they coincide, and since S and T already coincide 
in C" there is a proper ambient isotopy of M taking T to S. □ 

Proposition 6.8. If no Xi is a 2-sphere then any two Hcegaard splittings of M 
with the same partition of dM are equivalent up to proper ambient isotopy. 

Proof of Provosition \6. S\ By Theorem 16.41 5* and T are end-stabilized. Theorem 
16.31 then implies that they are properly ambient isotopic. □ 

Appendix A. Infinitely Stabilized Heegaard Splittings 

The goal of this section is to give a detailed proof the following theorem which 
is due, essentially, to Frohman and Meeks. Our methods are the same but we 
elaborate in order to fix the error mentioned previously. We refer the reader to 
earlier sections for the definitions of the terms used here. 

Theorem A.l. Let M be a non-compact orientable 3-manifold with compact bound- 
ary not containing any 2-sphere components. Suppose that M = Us Us Vs and 
M ~ Ut Ut Vt are two Heegaard splittings of M with the same partition of dM. If 
both S and T are infinitely stablized then they are approximately isotopic. If both 
S and T are end- stabilized then they are properly ambient isotopic. 

In |Fr M| . Frohman and Meeks introduce a technique which they call "stealing 
handles from infinity" . This method provides a proper isotopy of an infinitely 
stabilized splitting so that for any compact submanifold if, S C\ K is stabilized an 
arbitrary number of times. 

Proposition A. 2 (Frohman-Meeks |FrMI Proposition 2.1]). Suppose that M = 
[/Us V is an infinitely stabilized Heegaard splitting of M . Let C be a submanifold 
of M which is adapted to S . Then for any given n G N there is a proper ambient 
isotopy of S so that S D C has been stabilized at least n times. 
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Sketch of Proof. Since S is infinitely stabilized, we can find n disjoint reducing balls 
for S in the complement of C. We may then use paths in the surface S to isotope 
these balls along S into C. □ 

Definition. An exhausting sequence {Ki} is perfectly adapted to S if it is 

adapted to S and, additionally, each cl(i^i-|_i — Ki) is adapted to S. (See Section 
15.11 ) Note that a subsequence of a perfectly adapted sequence is perfectly adapted. 

A useful corollary of Proposition lA.2l is: 

Corollary A. 3. Suppose that Us Us Vs and Ut Ut Vt are two end- stabilized split- 
tings of M with the same partition ofdM. If there is an exhausting sequence {Ki} 
for M with the following properties: 

(i) dMcKi 

(ii) Vs n b Ki and Vt H ir Ki consist of discs for all i. 

(iii) Vs n fr if, = V^T n fr Ki for all i. 

(iv) {Ki} is perfectly adapted to both S and T. 

then S and T are equivalent up to proper ambient isotopy. 

Proof. By the Reidemeister-Singer theorem and the Marionette Lemma, after finitely 
many stabilizations of S* n Ki and T n Ki there is an ambient isotopy of Ki so that 
S n Ki = r n Ki. Since both S and T are end-stabilized, these stabilizations 
can be achieved by stealing handles from infinity. Thus, we may assume that 
SdKi = Tr\Ki. By the assumption that {Ki} is perfectly adapted to both S and 
T, the intersections of Us Us Vs and Ut Ut Vt with any compact component L of 
cl(M — Ki) give a relative Heegaard splittings of L. By stealing more handles from 
infinity and passing them through Ki we may stabilize SDL and T L enough 
times so that after performing an ambient isotopy of L, S and T coincide in Ki UL. 
We may do this for each compact component of cl(M — Ki). Since there are only 
finitely many such components, we have constructed proper ambient isotopies of S 
and T so that they coincide on Ki and each compact component of cl(Af — Ki). 
We proceed by induction. 

Suppose that we have performed proper ambient isotopies of M so that S fl 
Kn~i = T n Kn-i and S and T coincide on each compact component of cl{M — 
Kn-i). We will show that there are proper ambient isotopies of S and T which 
are fixed on Kn-i so that after the isotopies S and T coincide on Kn and each 
compact component of cl(M — Kn). This will show that the composition of the 
isotopies of S converges to a proper ambient isotopy of S and the composition of 
the isotopies of T converges to a proper ambient isotopy of T. Thus, we will have 
shown that there are proper ambient isotopies of S and T which make them coincide 
with a third Heegaard surface for M. Hence, S and T are properly ambient isotopic. 

Let L be a component of cl(if„ — Kn-i). By hypothesis, both S and T are 
relative Heegaard surfaces for L. If every non-compact component of c\{AI — L) 
contains Kn^i then L is contained in a compact component of cl(i\/ — Kn-i) and 

so n L = T n L. 

We may, thus, suppose that there is a non-compact component of cl(M — L) 
which does not contain if„_i. The surfaces S and T are both end-stabilized and so 
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we may steal handles from that non-compact component of cl(i\f — L) in order to 
stabilize SnL and TnL enough times so that they are ambient isotopic in L. Since, 
S and T already coincide on b Kn-i we may take the ambient isotopy to be the 
identity on h Kn-i H L. Thus, there is a proper ambient isotopy of S and a proper 
ambient isotopy of T, each fixed on A'„_i so that after the isotopies Sf^Kn = TnA'„. 

Now suppose that L' is a compact component of cl(A/ — A"„). As before, S and 
T both give relative Heegaard splittings of L'. li S C\ L' T C\ L' then V is not 
contained in a compact component of cl(Af — Kn-i). As in each component of 
cl(A'„ — Kn^i) S and T are connected surfaces, this implies that there are paths in 
S and T from a non-compact component of cl{AI — Kn) to L' which do not intersect 
Kn-i- Thus, we may stabilize S Cl L' and T Cl L' as much as we wish by stealing 
handles from infinity via paths that do not intersect Kn-i- Now isotope in L' so that 
the splittings coincide. We have, therefore, constructed proper ambient isotopies of 
S and T which arc fixed on Kn-i such that after performing the isotopies S n A'„ 
equals TDKn and S and T also coincide on each compact component of cl(A/ — A'„). 
Thus, S and T arc properly ambient isotopic in M. □ 

To show that two end-stabilized splittings of M with the same partition of dM 
are properly ambient isotopic, we will show that there is an exhausting sequence 
for M satisfying the requirements of CoroUarv IA.3I The first task is to show that 
if S and T have perfectly adapted exhausting sequences then there is a perfectly 
adapted sequence of M adapted to both S and T simultaneously. 

Lemma A. 4 (Frohman-Meeks |FrMI Proposition 2.3]). Suppose that Ki and K2 
are two submanifolds of AI such that Ki,K2, and cl(Ar2 — ATi) are adapted to S. 
Suppose that Li and L2 are two submanifolds of M such that Li, L2 and c\{L2 — Li) 
are adapted to T. Assume also that Ki C Ai C K2 C L2 where each inclusion is 
into the interior of the succeeding suhmanifold. 

Then after stabilizing and isotoping S in c\{K2—Ki) and stabilizing and isotoping 
T in cl(A2 ~ Li) there is a submanifold Ji of M adapted to both S and T so that 
Vs n fr Ji equals Vp H fr Ji and these intersections consist of discs. 

Proof. Push the frontier of K2 slightly into K2 to form a surface F C K2. Let Mi 
be the submanifold bounded by fr Ar2 and F. (Mi is, of course, homeomorphic to 
frAr2 X /.) Let M2 be the submanifold bounded by F and frATi. Let A^i be the 
submanifold with boundary fr L2 U A and let N2 be the submanifold with boundary 
A U fr Ai. Let Ji = K1UM2. Take Heegaard splittings of Mi, M2, Ni and N2 with 
Heegaard surfaces 81,82, Ti and T2 respectively. We should choose these splittings 
so that all the boundary components of each submanifold are contained in the same 
comprcssionbody of the splitting. 

We can use the Heegaard surfaces 5*1 and S2 to form a Heegaard surface S for 
cl(A'2 — ATi). To do this, note that there are surfaces S'l and S2 in Mi and M2 
which are subsurfaces of S'l and 5*2 except at a finite number of open discs which 
are parallel to A = Mi n M2. The surfaces S[ and S2 cobound a product region 
^2 X A The surface A may be assumed to be x {i}. Take a disc C S'2 n S'2 so 
that in the product region S2 x I the tube D x I is disjoint from cl{S'i — Si). The 
Heegard surface S for cl(Ar2 - A'l) is formed by taking {S1US2UD x /) -int(A x /). 
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We say that S is formed by tubing together 5*1 and 52- This process is different 
from the amalgamation of Heegaard sphttings. Similarly, we may form a Heegaard 
surface T for cl(L2 — Li) by tubing together Ti and T2. Since in both constructions 
the tube intersects F in a single disc, we may arrange that S f) F ^ T D F and that 
these intersections are a single inessential loop on F. Finally, using the product 
region in the compressionbodies containing fr(iC2 — Ki) we may use vertical tubes 
to extend to be a relative Heegaard splitting for cl{K2 — Ki) which coincides 
with S on fr(i<L'2 — A'l). Similarly, extend T to be a relative Heegaard splitting for 
cl(L2 — Li) which coincides with T on fr(L2 — Li). We call the Heegaard splittings 
given by 5" and T the model splittings. 

The Reidemeister-Singer theorem and the Marionette Lemma imply that by 
stabilizing S and S enough in cl(A'2 — Ki) we may perform an ambient isotopy 
of 01(^2 — Ki) which brings S fl c\{K2 — Ki) to S. Similarly, we may stabilize 
rncl(L2 — ii) and T enough times so that there is an ambient isotopy of cl(L2 — ii) 
which brings T n cl(L2 — L — 1) to T. Since S and T coincide on fr Ji = F we 
have now arranged that Ji is a submanifold adapted to both S and T and that 
S nir Ji = T n fr Ji and these intersections consists of a single inessential loop on 
each component of fr Ji . □ 

Corollary A. 5. Suppose that {Ki} is an exhausting sequence perfectly adapted to 
S and that {Li} is an exhausting sequence perfectly adapted to T. Assume that, 
for all i, Ki C Li C i^i+i- Then after stabilizing S and T in each component of 
c\{Kij^i — Ki) and cl(Li-)-i — Li) respectively we may properly isotope S and T so 
that there is an exhausting sequence {Ji} which is perfectly adapted to both S and 
T and is such that S H fr Ji = T n fr Ji and the intersection consists of a single 
inessential loop on each component of h Ji. 

Proof. Construct Ji as in the proposition. Assuming that we have constructed 
J„_i we will demonstrate how to construct J„. Build J„ as in the proposition, 
letting Kn+i, Kn, in+i, Ln play the roles of K2, Ki, L2 and Li. Choose model 
splittings for each component of c\{Kn+i — Kn) and cl(L„-|_i — Ln) which coincide 
with the model splittings of cl(/C„ — Kn-i) and cl(L„ — L„_i) on b Kn and frZ/„ 
respectively. Stabilize the model splittings enough times so that after stabilizing 
S n cl(7^„+i — Kn) and T n cl(L„+i — L„) we may perform ambient isotopies of 
S n c\{Kn+i — Kn) and T n cl(L„+i — L„) so that they coincide with the model 
splittings. These isotopies are supported off Kn-i and L„-i respectively. Note 
that, by the construction of the model splittings, cl( J„ — Jn-i) is adapted to both 
S and T (after performing the isotopies). 

We thus obtain an exhausting sequence {Ji} for M. The final remarks of the 
previous paragraph show that there are proper ambient isotopies of S and T so 
that {Ji} is perfectly adapted to both Heegaard surfaces. □ 

Remark. So far we have shown that if S and T are end-stabilized splittings and 
if there are exhausting sequences perfectly adapted to each of them then (after 
stealing handles from infinity and performing other proper ambient isotopies of 
S and T) there is an exhausting sequence which is perfectly adapted to both of 
them at the same time and furthermore S and T coincide on the frontiers of the 
exhausting submanifolds. Corollarv I A. 31 then shows that S and T are properly 
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ambient isotopic. It thus remains to show that an end-stabihzed sphtting has 
a perfectly adapted exhausting sequence which is adapted to it. The foUowing 
lemmas show how we can achieve this. This lemma fixes the misstatement in |FrMI 
Proposition 2.2] mentioned in the introduction. 

Lemma A. 6. Let M = C/UgX^ he an absolute Heegaard splitting of the non-compact 
3-manifold M and let {Ki} be an exhausting sequence for M adapted to S . Assume 
that, for each i, V C]h Ki consists of discs and that the sequence {Ki\ has the outer 
collar property with respect to U . Then after stabilizing S r\c\{Kn — Kn-i) , for each 
n > 3, a finite number of times, there is a proper ambient isotopy of S H Kn with 
the following properties: 

(i) The isotopy is fixed on Kn-2 U cl(Af — Kn). 

(ii) S n Kn-i is the same before and after the isotopy. 

(iii) After the isotopy, S is a relative Heegaard surface for cl(i^„ — Kn^i). 

The proof is similar to the proof of Proposition 16.41 The reader is referred to 
Section 1^721 for the definitions and properties of edge-slides. 

Proof. Let be a component of c\{Kn — Kn-i). Let F2 = b Kn n N and Fi = 
iiKn-i n N. Since {Ki} has the outer collar property, there are discs Si C 
{U n Kn-i) with boundary on S so that cr([/ n Kn-i] 5i) contains a product region 

pf = (Pi n [/) X / c [/ n ci(if„„i - Kn-2) with Fi n ?7 = (Fi n [/) X {o}. Let 

{F[ n U) signify (Fi n f7) x {!}; it is a subsurface of S except at the remnants of 
the discs 5i . Similarly, there are discs 82 <Z U r\ Kn with boundary on S so that 
a{U n Kn\ 5i) contains a product region = (F2 n C/) x / C C/ n c\{Kn — Kn-i) 
with (Fznf/) = {F2^U) X {0}. Let (F^nU) signify (F2 nC/) x {1}; it is a subsurface 
of S except at the remnants of the discs 62 . The boundaries of the surfaces F{ n U 
and F2 n [/ are simple closed curves on S which bound discs in V. Let F{ and Fj 
be the surfaces F{ Ci U and Fj fl J7 together with discs in V bound by dF{ n U and 
dF^ n U. Let Pi and P2 be the product regions bounded by F{ U Fi and F2 U F2 
respectively. Pf^ and P2^ are the product regions which are the intersections of Pi 
with U and P2 with U. Let iV' = iV U Pi. 

Choose a spine for V which intersects each disc of i5i U 62 exactly once. We 
may assume that the spine intersects Pi and P2 in vertical arcs. Let S be the 
intersection of this spine with N'. CoroUarv 13.51 shows that Ur]c\{Kn ~ Kn-i) and 
V n cl(i^„ — Kn-i) are compressionbodies. Since there are not closed components 
of d- c\{N' - r]{dN' U E)), cl{N' - r/idN' U S)) is a handlebody and so S is a re- 
duced spine for N'. (Recall that {A';} is adapted to S and so UHKn-i is correctly 
embedded in J7 fl Kn. This is needed to apply Lemma [3. 51 ) 

We now construct a model splitting of A^'. Let XUwY be any relative Heegaard 
splitting of with F n fr TV = F n fr iV. Let E' be a reduced spine for Y. We may 
assume that E' n P2 consists of vertical arcs. Using the product region Pi we may 
extend S' to be a graph in TV' whose intersection with Pi consists of vertical arcs. 
S' n cl(7V' - Pi) is a reduced spine for d{N' - P2). 

The Reidemcister-Singer theorem and the Marionette Lemma imply that by sta- 
bihzing the Heegaard splittings of TV" = cl(7V'-P2) induced by EniV" and S'nTV" 
they become isotopic. Perform the necessary stabilizations in such a way that the 
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graphs SniV" and S'niV" still intersect Pi in vertical arcs. Edge-slides of reduced 
spines are equivalent to isotopies of the Heegaard surfaces, so there is a sequence of 
edge-slides which takes (the now stabilized) E n N" to E' n N" . These edge-slides 
may involve sliding edges of E n N" over other edges or over the surfaces U . 

These edge-slides define an ambient isotopy of fl A^' which is fixed off a regular 
neighborhood of c\{N' ~P2). In particular, the isotopy is fixed on Kn~2'Jc\{AI ~ Kn) ■ 
After the isotopy, S D Kn~i is exactly the same as it was before. Now, however, 
S n c\{Kn — Kn~i) is a relative Heegaard surface for N since the model surface 
was. □ 

Lemma A. 7. Suppose that M = U Us V is an end-stabilized absolute Heegaard 
splitting of M . Then there is an exhausting sequence {Li} which is perfectly adapted 
to S. 

Proof. By Section 14.31 and Corollary 14.31 there is an exhausting sequence {Ki} 
which is adapted to S, has the outer collar property, and is such that V H b Ki 
consists of discs for all i. Recall that, since S is end-stabilized, any time we need 
to stabilize some S n c\{Ki — Kj) we may do so by a proper ambient isotopy of S 
in such a way that Kj is fixed throughout the isotopy. This means the isotopies 
needed to make each c\{Ki — Kj) of arbitrarily high genus can be achieved by a 
single proper ambient isotopy of S in M . 

For each cl(if3i-|_i — K^i), steal handles from infinity and perform the isotopy of 
S n cl(i^3i+i — K^i) needed in order to make cl{K3i-^i — K^i) adapted to S. Since 
each of these isotopies is fixed on K^i-2 their union is a proper ambient isotopy of 
S. Let Li = K^i for each i. We claim that {Li} is perfectly adapted to S. 

It is, of course, adapted to S as each Ki is adapted to S before and after the 
isotopy. We need to show that after this isotopy c\{K3i — K^i-^) is adapted to S for 
i > 2. To see this, note that since V intersects each fr K^i in discs yncl(/r3i— i^si-s) 
is a relative compressionbody with preferred surface S D cl(i^3i — K^is) for each 
i. To see that U n c\{K3i — K^i-^) is a relative compressionbody with preferred 
surface S n c\{K3i — ^34-3) note first that {Li} has the outer collar property. 
Furthermore, after the isotopy, there are discs {Si,dSi) C {U ncl(iC3i_2 — i^si-s), SCi 
c\{K3i-2 ~ ^31-3)) which cut off a product region {U fl ii K^i^^) x / contained in 
U n {cl{K3i-2 - Ksi-s)) C U n c\{Ksi - A'3i_3). Hence {Li} has both the inner 
and outer collar properties. It is easy to sec that {Li} is perfectly adapted to S (cf. 
Section □ 

Proof of Theorem ] A. 1[ Suppose, first, that Us Us Vs and Ut Ut Vt are two abso- 
lute infinitely stabilized Heegaard splittings of M with the same partition of dM. 
To show that they are approximately isotopic we will show that given any compact 
set C there are proper ambient isotopies of S and of T so that after the isotopies, 
S and T coincide on C. By Section [4.31 and CoroUarv 14.31 there are exhausting 
sequences {Ki} and {Li} adapted to S and T respectively which have the outer 
collar property and are such that VsHb Ki and VV Hfr Lj consist of discs. Take sub- 
sequences so that C C ATi C Li C K2 C ^2- By Lemma FA.BI we may steal handles 
from infinity for both S and T and then perform further proper ambient isotopies 
so that A'l, A'2 and cl(Ar2 — ATi) arc adapted to S and Li,L2, and cl(i2 — Li) are 
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adapted to T . By Lenima lA.4l we may steal more handles from infinity and perform 
more ambient isotopies of S and T so that there is a submanifold Ji containing 
Ki which is adapted to both S and T. By stealing more handles from infinity, 
we may stabilize S C\ Ji and T n Ji enough times so that they arc ambient (in 
Ji) isotopic (Reidemeister-Singer theorem and the Marionette Lemma). Isotope S 
and T so that they coincide on Ji. They then also coincide on C and so they are 
approximately isotopic. 

Now suppose that S and T are end-stabilized. By Lemma I A. 71 there are ex- 
hausting sequences {Ki} and {Li\ perfectly adapted to S and T respectively. By 
Corollary I A. 51 we may perform proper ambient isotopies of S and T so that there 
is an exhausting sequence { Ji} perfectly adapted to both of them and is such that, 
for each i, nfr = 1^ nfr and the intersections consist of discs. By Corollary 
I A. 31 S and T arc properly ambient isotopic. □ 
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